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Abstract This paper presents the dynamical core of the Climate Modeling Alliance (CliMA) atmosphere
model, designed for efficient simulation of a wide range of atmospheric flows across scales. The core uses the
nonhydrostatic equations of motion for a deep atmosphere, discretized with a hybrid approach that combines a
spectral element method (SEM) in the horizontal and a staggered finite-difference method in a height-based,
terrain-following coordinate in the vertical. This approach leverages the high-order accuracy and scalability of
the SEM, while maintaining the computational efficiency and stability of finite differences on a staggered grid.
The model's coordinate-independent equation set allows for simulations in a variety of geometries and planetary
configurations. The use of the specific total energy of moist air as a prognostic variable, along with a consistent
thermodynamic formulation, ensures the conservation of energy, air mass, and water mass, even in moist
atmospheres and in the presence of subgrid-scale parameterizations, without ad hoc fixers. A horizontally
explicit, vertically implicit (HEVI) timestepping strategy treats fast vertical processes implicitly and further
enhances computational efficiency by allowing larger timesteps. The model demonstrates excellent strong and
weak scaling on CPUs and GPUs, making it well-suited for high-resolution simulations on modern
supercomputing architectures, including those on the cloud, which widens access to climate models.

Plain Language Summary We have developed a new model to simulate Earth's and other planet's
atmospheres accurately and efficiently. The model can be used to predict weather and study climate change on
scales from kilometers to hundreds of kilometers. The model's physical formulation and discretization are
designed to ensure that important properties such as the atmosphere's total energy and mass are conserved,
which is crucial for preventing model drift in long-term climate studies. It is also designed to work well on
different types of computer architectures, including graphics processing units (GPUs) widely available for cloud
computing. This democratizes access to core climate modeling tools.

1. Introduction

Dynamical cores are the engines of climate models. They simulate the motions of the atmosphere and other
climate system components. The Climate Modeling Alliance (CliMA) has developed a new dynamical core for its
atmosphere model, drawing on established numerical methods while incorporating innovative features. Imple-
mented in Julia, a high-level programming language that facilitates performance portability and integration of
machine learning components (e.g., Charbonneau et al., 2025; Christopoulos et al., 2024), the core is designed to
be versatile, robust, and computationally efficient. The core's development was guided by several objectives: (a)
adherence to a consistent and accurate thermodynamic framework, (b) flexibility for diverse applications, from
large-eddy simulations to global climate simulations, including of extraterrestrial atmospheres, (c) conservation
of energy, mass, and water, even in deep atmospheres, and (d) performance portability and scalability across CPU
and GPU computing platforms. The core's modular design allows for the construction of other climate model
components on top of the same computational infrastructure, as exemplified by its shared use in the CliMA land
model (Deck et al., 2026).
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Numerically, the CliMA dynamical core employs the mimetic spectral element method (SEM) horizontally (Guba
et al., 2014; M. A. Taylor & Fournier, 2010; M. A. Taylor et al., 2020), which has proven scalability on high-
performance computing platforms, including GPUs (M. Taylor et al., 2023). The mimetic SEM has desirable
conservation properties for idealized, adiabatic dynamics (M. A. Taylor et al., 2020); however, this conservation
is not guaranteed when moist processes or subgrid-scale parameterizations such as hyperdiffusion are introduced,
often necessitating energy fixers we seek to avoid. The CliMA dynamical core uses finite differences vertically,
with a staggered grid to suppress computational modes and with a horizontally explicit and vertically implicit
(HEVI) timestepping strategy (Colavolpe et al., 2017; Gardner et al., 2018; Thuburn & Woollings, 2005; Weller
et al., 2013). The core uses the total energy of moist air as a prognostic variable, similar to what is discussed in
Satoh (2003) and Satoh et al. (2008), enabling conservation of energy, air mass, and water mass even in the
presence of moist processes. This design choice avoids the need for ad hoc fixers that are common in other at-
mosphere models and are viewed as challenging to remove (Jablonowski & Williamson, 2011; P. H. Lauritzen
et al., 2022). The coordinate-independent, fully compressible equation set allows for simulations in various
geometries, such as Cartesian geometry for large-eddy or cloud-resolving simulations and spherical geometry in
global climate simulations. Additionally, the model employs an internally consistent set of thermodynamic ap-
proximations that integrates insights from previous studies (Bowen & Thuburn, 2022a, 2022b; Duarte et al., 2014;
Romps, 2008) and is based on the concept of a calorically perfect fluid, that is, a fluid with constant specific heat
capacities.

This paper describes the conceptual foundations of the dynamical core, its discretization strategies, and its
performance in standard benchmark tests (Hughes & Jablonowski, 2023; Ullrich et al., 2014, 2016). Subsequent
companion papers will describe the parameterizations used in the atmosphere model, examine the quality of
climate simulations, and discuss a hierarchy of atmosphere models built using this core.

The structure of this paper is as follows. Section 2 reviews the thermodynamic formulation. Section 3 presents the
dynamical equations in coordinate-independent form and discusses their properties where they extend beyond
what is standard in atmosphere models. Section 4 summarizes the equations in a generalized coordinate system
that accommodates terrain-following coordinates and is adaptable to both Cartesian and spherical domains.
Section 5 details the discretization approach, building on recent advances in spectral element methods and HEVI
timestepping. Section 6 presents benchmark test cases and demonstrates energy, air mass, and water conservation
to within floating point precision. Section 7 illustrates the computational performance, including strong and weak
scaling, of the dynamical core on CPUs and GPUs. Section 8 summarizes the conclusions. Additional technical
aspects are provided in the appendices.

2. Thermodynamics
2.1. Working Fluid and Equation of State

Using thermodynamically consistent approximations, CliMA's atmospheric dynamical core simulates the dy-
namics and thermodynamics of moist air, a mixture of dry air, water vapor (both treated as ideal gases), and
condensed water, both suspended in clouds and falling as precipitation. We assume that all constituents of the
working fluid are in thermal equilibrium, maintaining the same temperature. While condensates may sediment or
fall, they are assumed to remain in thermal equilibrium with the air. This means that we neglect temperature
differences between the condensate and ambient air, for example, due to evaporative cooling of raindrops (Roy
et al., 2023), when calculating fluid energetics (though not necessarily microphysical process rates). However,
condensates are not required to be in full thermodynamic equilibrium: we allow for out-of-equilibrium phases
such as supercooled liquid (cf. Bowen & Thuburn, 2022a, 2022b). By including both suspended cloud condensate
and precipitation in the working fluid, we facilitate the use of microphysics schemes that represent these com-
ponents through properties (e.g., moments) of a continuous particle size distribution (e.g., Hu & Igel, 2024).

The moist air density p contains contributions from all constituents, represented by mass fractions: dry air (g,),
water vapor (g,), liquid water (g;), and ice (g;). We define the condensate mass fraction as g. = ¢; + ¢;, and the
total specific humidity as ¢, = ¢, + ¢.. Since these account for all components of the working fluid,
q, + g4 = 1. Importantly, the model does not assume small specific humidities, enabling its application to
planetary atmospheres where a condensable species, such as CO, on Mars, is a major atmospheric constituent and
its condensation can substantially affect air mass and dynamics (e.g., Soto et al., 2015).
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Table 1
Thermodynamic Constants
Symbol Definition Value
Ry Gas constant of dry air 287.0 J (kg K)™!
R, Gas constant of water vapor 461.5 T (kg K)*l
Cpd Isobaric specific heat of dry air 1004.5 J (kg K)™"
Go Isobaric specific heat of water vapor 1859.0 J (kg K)™"
Cpl Isobaric specific heat of liquid water 4181.0 J (kg K)™!
Gpi Isobaric specific heat of ice 2070.0 J (kg K)™!
To Reference temperature 273.16 K
L,o Latent heat of vaporization 2.5008 x 10 J kg™!
Lro Latent heat of fusion 0.3336 x 10°J kg™
D Triple point vapor pressure 611.657 Pa
Do Reference pressure 10° Pa
T Triple point temperature 273.16 K
In many bulk microphysics schemes, precipitation is treated as a separate category of condensed water mass. In
these cases, the liquid and ice specific humidities are further divided into contributions from suspended cloud
condensate (¢5' and ¢§') and precipitation (g}" and ¢!"), so thatq; = ¢! + ¢ andq; = g% + ¢". We will allow
for that distinction in the equations of motion.
The pressure p of the working fluid is the sum of the partial pressures of dry air and water vapor, expressed as
p= /)(qud + quv) T.Here, R, and R, are the specific gas constants of dry air and water vapor, respectively. We
have neglected the volume, but not the masses, of the condensed phases because the specific volume of the
condensates is a factor 10> lower than that of the gas phases. The equation of state can then be written as
p=pR,T, (1)
where
Rm(q) = Rd(l - ‘]r) + quv = Rd [1 + (edv - 1) q:r — evac] (2)
is the specific mixture gas constant of moist air, a variable dependent on the specific humidities ¢ = (q,,ql,q,-)
and the ratio of the specific gas constants of water vapor and dry air, ¢;, = R,/R; (~1.61). Table 1 lists the
thermodynamic constants we use.
2.2. Heat Capacities
Our primary thermodynamic assumption is that the fluid is calorically perfect. This means that the isochoric
specific heat capacities of the moist air constituents—dry air (c,,), water vapor (c,,), liquid water (c,;), and ice
(c,;)—are considered constant. Consequently, the isobaric specific heat capacities of these constituents—dry air
(cpa = cya + Ry), water vapor (c,, = ¢, + R,), liquid water (c,; = c,;), and ice (¢,; = c,;)—are also con-
stant. In reality, specific heat capacities vary slightly with temperature, but for atmospheric conditions, treating
them as constant introduces an error of less than 1% for dry air, the major component of moist air, and at most of a
few percent for the water phases.
The corresponding specific heat capacities of moist air then are the weighted sums of those of the constituents:
en(@ = (1= a)ca+ g, +qe,+qc; 3)
=cqgt(cy—cag+(ci—c)g+(ci—c))g )
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where - stands for v or p and we have used ¢, = ¢, — q; — g;. Substitution shows that the standard relation
between the specific heat capacities of the constituents also holds for moist air as a whole:

com(q@) = con(q) + Ry(q)- ®)

2.3. Latent Heats

Kirchhoff's relation states that the specific latent heat (enthalpy) L for phase changes varies with temperature 7T as

dL
ﬁ = ACp, (6)

where Ac,, is the difference in isobaric specific heat capacities between phases. Assuming constant specific heat

capacities, this integrates to
L(T) = Ly + Ac, (T — T), @)

with T, as a reference temperature and L, as the specific latent heat at T,. Thus, in a calorically perfect fluid,
specific latent heats depend linearly on temperature. The model's energetics are invariant under shifts of the
reference temperature; however, the quality of the linearization in Equation 7 depends on this choice, suggesting
that 7y should be chosen to be a value typical for the atmosphere (Ambaum, 2020). We choose the triple point
temperature of water as the reference.

For the water phase transitions, this implies specifically:

1. L(T) = L,y + (¢, — ¢u) (T — Ty): Latent heat of vaporization;
2. L(T) = Lsy + (¢, — ¢,) (T — Ty): Latent heat of fusion;
3. L(T) = L,y + (cpy — ) (T — Ty): Latent heat of sublimation.

Given Lyy = L,y + Ly, it follows that L(T) = L,(T) + Ly(T), as expected.

2.4. Internal Energies

The specific internal energies of the moist air constituents are (Romps, 2008).

1(T) = ¢,a(T = To) — Ry T, (8a)
1(T) = ¢, (T —Ty) + 1,0, (8b)
I(T) = cu(T — Ty), (8c)
I(T) = ¢,;(T —Ty) — 0. (8d)

Here, I, and I represent the reference specific internal energy differences at the reference temperature 7T
between vapor and liquid, and between ice and liquid, respectively. Since dry air and water are distinct con-
stituents that cannot be converted into one another, we can independently specify their reference specific internal
energies at T,. For convenience in later enthalpy and enthalpy flux calculations, we set the reference specific
internal energy for liquid water to O and that for dry air to —R,;T. (It can be verified that the equations of motion,
to be discussed later, are invariant under addition of an arbitrary constant here, as they should be (Dubos, 2024).)
The specific internal energy of moist air then is the weighted sum

I(T,q) (1 - %) I(T) + q,1(T) + qI(T) + q,1(T)

com(@(T = To) + (4, — qc) Lo — ailio — (1 — q,) Ry T,

©)

where we haveused g, = g, — g.. Temperature can be obtained from the specific internal energy and the specific
humidities by
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+ I- (% - qc) Lo+ qilip+ (1 - Qz) RiTy
cum(q)

T=T, (10)

This equation allows us to recover temperature when using specific internal energy and specific humidities as the
primary thermodynamic state variables.

Furthermore, the reference specific internal energies 1, o and I, are related to the reference specific latent heats of
vaporization and fusion (L, and L) at T through the following expressions:

I, o=0L,o—RT,, (11a)
50 50 0
Ii,O = Lf,()' (llb)

These relations are obtained by subtracting the corresponding “p/p” term (which is zero for the condensed phases)
from the specific latent heats.

2.5. Enthalpies

Enthalpy plays a crucial role in describing fluid transport thermodynamics, appearing in both grid-scale and
subgrid-scale (SGS) transport terms.

The specific enthalpies of the moist air constituents are derived by adding p,/p, for each constituent y to its
specific internal energy (Equation 8). Neglecting the specific volumes p;! and p;! of the condensed phases and
using the relations (11) between reference specific energies and latent heats, we arrive at the following expres-
sions for specific enthalpies:

hy(T) = 1,(T) + R;T = cpq(T — T), (12a)
h(T)=1I1,(T)+R,T = va(T —Ty) + L, o, (12b)
(T) = I(T) = c,, (T — T), (12¢)
h(T) = I(T) = Cpi(T —Ty) - L/’,0~ (12d)

The enthalpy of moist air is the weighted sum of these constituent enthalpies:

WT.q) = (1 = q,) hg + q,hy, + gy + gihy;
= Cpm(q)(T =Ty + (% - qc) L,o—qLso 13)
= I(T,q) +R,,T.

2.6. Saturation Vapor Pressure

The Clausius-Clapeyron relation relates the saturation vapor pressure p; of an ideal gas over a plane condensate
surface to temperature,

dlog(pj) _ L (14)

dr R,T*

where L is the specific latent heat of the phase transition: L, over liquid, and L, over ice. For a mixture of liquid
and ice out of thermodynamic equilibrium (e.g., in mixed-phase clouds), a thermodynamically consistent satu-
ration vapor pressure uses a weighted average of L, and L,

L=A;L,+(1-2)L, (15)

where 1; = g,/q. is the liquid mass fraction of the condensate and 1 — A, = ¢,/q, is the ice mass fraction
(Pressel et al., 2015).
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Substituting the linear latent heat—-temperature relation (7) and defining p,; as the vapor pressure at the triple point
at temperature Ty, the Clausius-Clapeyron relation can be integrated to a closed-form expression for the vapor
pressure, the so-called Rankine—Kirchhoff approximation (Duarte et al., 2014; Romps, 2021):

T\* 1 1
Py =D (i) exp [m(i - ?>] (16)

Here,

_ = A= (1 =25) 1
- - a7

v

and

_AgLyp+ (1 - ﬂf) Ly
= 2 —

v

By a,To. (18)

For A; = 1, this gives the saturation vapor pressure over liquid, and for 15 = 0, that over ice. This formulation is
mathematically consistent, as the saturation vapor pressure (Equation 16) is invariant to the choice of reference
temperature 7T : it does not change when the reference temperature is shifted from T, to Ty + 6T provided the
specific latent heats at the reference temperature are shifted correspondingly (e.g., L, is replaced by
L,y + (c,y — ¢p)0T,). However, the accuracy of the Rankine-Kirchhoff approximation depends on the chosen
parameters. Using the triple point of water as the reference and the constants in Table 1, the approximation is
highly accurate: the saturation vapor pressure over liquid between 248 and 325 K lies within 0.4% of measured
values, and the ratio of the saturation vapor pressure over ice to that over liquid between 233 and 273 K lies within
0.6% of measured values (Ambaum, 2020).

2.7. Local Thermodynamic Equilibrium of Cloud Condensate

Optionally, the CliMA dynamical core can use the assumption of local thermodynamic equilibrium common in
other atmosphere models, which takes the constituents of cloudy air (but excluding falling precipitation) to be not
only at the same temperature but the water phases also to coexist in thermodynamic equilibrium. In that case,
Gibbs' phase rule implies that it suffices to specify the thermodynamic state of cloudy air with only 3 thermo-
dynamic state variables, such as a humidity, density, and an energy variable, from which the partitioning into
water phases can then be uniquely determined. We may choose the specific total humidity of the cloudy air, that
is, the moist air including cloud condensate but excluding precipitation,

@ =a+q'+4 =q-4q" -4 (19)
the corresponding cloudy air density,
P =p(1—qf" = q). (20)
and the specific internal energy of cloudy air,
I=T—(cuq) +cugl") (T = To) + ¢ Lo — (4" + ¢7") R/ T @n

The condensate specific humidities ¢! and ¢! can then be obtained from these three quantities by saturation
adjustment, while the precipitation humidities remain prognostic variables (e.g., Sridhar et al., 2022).

Thermodynamic equilibrium requires the liquid fraction to be a Heaviside function H of temperature,

j'f(T) = H(T - Tfreeze)’ (22)
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with A, = 0 below the freezing temperature T,. and A; = 1 above it. However, supercooled liquid, which is
out of equilibrium, can exist between the homogeneous ice nucleation temperature T, and the freezing
temperature Tf,.. Many climate models use a ramp function 4 () that transitions from 0 for 7' < Tjceny, to 1 for
T > Tireeze to simulate this, for example,

1 T> Tfreeze ’

T— Ticenuc
=

0 T<T,

ny
> Ticenuc <T< Tfreezev (23)

Tfreeze - Ticenuc

cenuc?

with some exponent n; (Kaul et al., 2015). Although this can be incorporated within our thermodynamic
framework, and an option for it is implemented in our code, it is an approximation for modeling out-of-
equilibrium phases such as supercooled liquids which, in reality, depend not solely on thermodynamic state
variables but also on the history of air masses. Our default choice is to model the condensed phases with separate
prognostic equations, with microphysics parameterizations that allow non-equilibrium phases to coexist (e.g.,
Morrison & Milbrandt, 2015).

3. Dynamics
3.1. Prognostic Variables

The CliMA atmosphere model employs the fully compressible, non-hydrostatic fluid dynamical equations. As
prognostic variables for water, it uses the total water specific humidity g,, liquid specific humidities g7, and ice
specific humidities ¢7. Here o can represent either cloud condensate (“cl”) or precipitation (“pr”) when these are
treated as separate water mass categories, or it can be omitted if no such distinction is made. If local thermo-
dynamic equilibrium is assumed, ¢¢' and ¢¢! can be diagnosed from the other thermodynamic variables through
saturation adjustment (Section 2.7).

As prognostic variable for energy, the model employs specific total energy of moist air (Bott, 2008; Romps, 2008;
Sridhar et al., 2022),

ot — I+®P+x+ KsGs- (24)

Here, ® = gzrepresents the geopotential in the approximation of Earth as a sphere (White et al., 2005), where z is
the altitude above a reference level (geoid) and we additionally take the gravitational acceleration g to be constant
(extension of the geopotential to non-constant g is straightforward if needed for deep planetary atmosphere
simulations);

1
k=Sl (25)

is the specific kinetic energy associated with the resolved three-dimensional velocity u, which, following
Romps (2008), is taken to be the velocity of dry air (i.e., the kinetic energy of the differential motion of water is
neglected); and kggg represents the parameterized SGS kinetic energy if that is available.

This choice, combined with a conservative discretization and the consistent thermodynamics described previ-
ously, guarantees the conservation of total energy, air mass, and water mass (up to roundoff) in the model. This
resolves the challenge of achieving energy conservation in the presence of complex topography and parame-
terization schemes, without the ad-hoc fixers that are usually used in atmosphere models (P. H. Lauritzen
et al., 2022). The trade-off is that a simple, discretely materially conserved thermodynamic variable such as
potential temperature is no longer guaranteed to be conserved. We consider this advantageous, however, because
potential temperature is conserved only under limited physical assumptions (e.g., for dry dynamics) and, unlike
total energy, is not an extensive quantity that satisfies a volume-integrated conservation law.
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3.2. Coordinate-Independent Equations of Motion

We begin by introducing the equations in a form that is not dependent on specific coordinates, before expanding

them in a generalized coordinate system with terrain-following vertical coordinates later. For scalar quantities, we

use governing equations in flux form to ensure discrete conservation. For momentum, we use the “vector

invariant” form, where advection terms are expressed as vorticity terms and kinetic energy gradients, using the dot

product identity - Vu = V|u||*/2 + (V x u) x u. This approach accurately represents rotational wave
modes in the discrete model (Ringler et al., 2010; M. A. Taylor & Fournier, 2010) and avoids the curvature terms
(Christoffel symbols) that otherwise arise in advection terms from coordinate derivatives in non-orthogonal

coordinates.

The governing equations for a general deep atmosphere are as follows (Romps, 2008; White et al., 2005):

1. Mass continuity

d A A
Fr4 +V. [/)(u - Wq‘k)] =pS, (26a)
2. Momentum
0 1
5 +Q2Q+w)xu=—c,y(0,-0,)VII-V(@—-®,)—Vk+ S, — ;V (T + H,)] (26b)
3. Total energy
0 .
5, + V- [p(hott = Wik)] = =V - [p(Fe + Fy + Hy +u- (T + Hy))] (26c)
4. Total water
0 N R
5, (Pa) + V- [plam — Wy k)] = =V - [p(F, + H) = pS, (26d)
5. Condensate/precipitation (for 4 € {/,i} and ¢ € {-,cl, pr} as needed)
4 c c o7
5 P0) + V- g (u = wik)| = pSy = V- [p(Fy + Hyp)] (26e)
6. Tracers
0 A
50+ V - [pr(u = wyk)] = pS, =V - [p(F, + H)) (26f)
7. Equation of state
p=pR,T (26g)
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The variables in Equation 26 are defined in Table 2.

A few salient points about this equation set are worth pointing out:

1.

Conservation Properties. The governing equations for mass, energy, and total water are written in a flux-
conservative form. Their right-hand sides contain only flux-divergence terms, with no non-conservative
sources or sinks. This structure is by design: when paired with a flux-conservative discretization, it guaran-
tees that the volume-integrated air mass, total water, and total energy are conserved within the domain, with
changes occurring only through fluxes across the boundaries. This holds even in the presence of parameter-
izations that are contained within the various subgrid-scale (SGS) fluxes on the right-hand sides, representing
the effects of unresolved motions on the resolved scales.

. Equation Formulation and Closures. The advective flux term in the total energy equation involves the specific

total enthalpy, A = e + p/p, which includes kinetic and potential energy contributions. The pressure is
determined by the ideal-gas equation of state (Equation 26g), which neglects pressure contributions from
averaging over correlated subgrid-scale fluctuations.

. Dry-Air Reference Frame. Following Romps (2008), the equations are formulated in a dry-air reference frame

where u represents the velocity of dry air. The differential motion of water relative to dry air (e.g., hydrometeor
fall) is explicitly accounted for as mass and energy flux terms in the balance equations. This choice is ad-
vantageous for applying boundary conditions, as the wall-normal velocity of dry air can be set to zero at a rigid
boundary even with surface moisture fluxes.

. Model Simplifications. For computational efficiency, the model disregards the transport of momentum and the

kinetic energy associated with the differential motion of water relative to dry air (Romps, 2008). Neglecting
the differential momentum transport by water is justified because the omitted terms describe an internal
redistribution of momentum whose global integral is zero, and because achieving a precise local momentum
balance is considered less critical for long-term stability than maintaining an exact balance for mass and
energy, for which small spurious sources can cause significant climate drift (Thuburn, 2008).

. Temperature Computation. Temperature is computed from the specific total energy e, via Equation 10. The

necessary subtraction of kinetic energy from total energy does not result in catastrophic cancellation of
roundoff errors because kinetic energy is a small fraction of the total energy, with the ratio scaling like the
square of the Mach number U/ ¢, where U is a velocity scale and ¢, the speed of sound (Peixoto et al., 1991).
In the atmosphere, this is small—typically, (U/ cs)2 hS 0(10‘2) —so the kinetic energy contributes a small
term to the total energy. Even when considering only perturbations, the ratio of kinetic energy perturbations to
thermal perturbations scales like 0.5(5U)*/(c,48T), which is still 0(1072) for6U ~ 10 m s™' and 6T ~ 5 K.

. Pressure Gradient Force. Following M. A. Taylor et al. (2020), the pressure-gradient acceleration in the

momentum Equation 26b is formulated using the Exner function IT and virtual potential temperature 6,,

1
—;Vp = —c,46,VII, 27
where I1 = (p/ pO)Rd/C”d is the Exner function defined with respect to dry-air constants (Table 1) and
R, T
0,=-—"= 28
= 8)

is the corresponding virtual potential temperature. Using the Exner function is a well-established method that,
when paired with a mimetic discretization such as the spectral element method, avoids spurious potential
energy—kinetic energy conversions from the pressure work terms (M. A. Taylor et al., 2020). To further
improve numerical accuracy and reduce discretization noise near topography, the force is expressed as a
deviation from a hydrostatically balanced reference state (Golaz et al., 2022; Herrington et al., 2022). We
choose the reference state with temperature T,(IT) = Tpin + (T — Tmin)IT™, with surface temperature
T = 288 K, minimum temperature 7,,;, = 215 K, and n; = 7, which ensures a smooth transition from 7.
to Ty, in the stratosphere. With 6, = T,/II and

0]

=—c

r P

Ty — Toni
| T log TT +%(H”ﬁ -1, (29)

s
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Table 2

Variables and Parameters in Dynamical Equations

Variable Definition Units

ot Specific total energy of moist air T kg™!

h Specific enthalpy of moist air J kg™!

Ty Specific enthalpy of constituent u € {d,v,l,i} T kg™!

Aot Specific total enthalpy ho = ey + p/p T kg™!

1, Specific internal energy of constituent u € {d,v,l,i} T kg™!

I Specific internal energy of moist air T kg™!

k Vertical unit vector

D Pressure Pa

qr Total water specific humidity kg/kg

q Liquid water specific humidity kg/kg

4 Ice specific humidity kg/kg

q; Generic condensate specific humidity, u € {L,i}, 6 € {pr,cl} kg/kg

R, Gas “constant” of moist air (depends on specific humidities) JTkg!' K!

Sa Dry static energy s; = (T — To) + ® T kg™!

T Temperature K

u Velocity (3D) of dry air m s~

Wy, Sedimentation/fall velocity, u € {l,i,x}, ¢ € {,cl,pr} m s~

Wh Sedimentation flux of enthalpy W m kg™!

W, Sedimentation flux of total water ms~!

0, Virtual potential temperature K

Gy Reference virtual potential temperature K

KSGS Specific kinetic energy of SGS motions Tkg™!

I Exner function IT = (p/pO)R‘/C”"

p Density of moist air kg m™3

o} Geopotential m? 572

O, Reference geopotential m? 572

X Generic tracer kg/kg

® Relative vorticity B3D) @ = V X u gt

Q Angular velocity of planetary rotation s

& Specific momentum source (acceleration) m s~2

Sy Source of scalar y s7!

:g'ql Effective source of total water specific humidity s~!

F SGS flux of specific total enthalpy W m kg!

Fr Radiative energy flux W m kg!

F, SGS flux of scalar y m s~}

H, Hyperdiffusive flux of specific total enthalpy W m kg™!

H, Hyperdiffusive momentum flux tensor m? 572

H, Hyperdiffusive flux of scalar y ms™!

T SGS momentum flux tensor m? s72
YATUNIN ET AL. 10 of 60
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this satisfies the hydrostatic balance equation c,40,, VII + V®, = 0 for any IL It results in the combined
pressure-gradient and geopotential terms seen in Equation 26b.

7. Reference Temperature Invariance. The thermodynamic framework is constructed such that the model's en-
ergetics are invariant under shifts of the reference temperature 7y. This ensures that the choice of Ty does not
affect physical results, except through the quality of the linearization of the temperature dependence of the
specific latent heats (Ambaum, 2020). This invariance is a direct consequence of the model's thermody-
namically consistent formulation. A shift in the reference temperature, Ty — T + 67T, and the corre-
sponding consistent shift in the reference latent heats (e.g., L,g — L,y + (c,, — ¢,)T}), induces constant

offsets to the specific enthalpies of each constituent. Because the offsets for all water species are identical, the

additional terms generated in the total energy equation sum to zero identically by virtue of the total water
conservation law (Appendix A). This cancellation ensures that the model's energetics and dynamics are

fundamentally independent of the arbitrary choice of reference temperature.

There are several terms in Equation 26 that are ultimately the result of parameterizations, to be discussed in
subsequent papers on the atmosphere model; they are summarized in what follows.

3.3. Parameterized SGS Fluxes

The right-hand sides of the governing equations include the SGS momentum flux tensor 7 and the SGS scalar
fluxes F,, F, T,}Z, and F,. These terms represent the effects of unresolved subgrid-scale processes on the resolved
flow. The functional forms of these fluxes are determined by parameterization schemes, which may have
diffusive and advective components, the latter, for example, associated with convection closures (e.g., Christo-
poulos et al., 2024; Cohen et al., 2020; Lopez-Gomez et al., 2020, 2022).

For any portion of the SGS flux that is modeled with a diffusive closure, energetic consistency and invariance to
the choice of reference temperature place strict constraints on the formulation. The total SGS enthalpy flux, F,, is
conceptually decomposed into two components: (a) the total enthalpy carried by the SGS water fluxes, and (b) a
diffusive heat flux analogous to Fourier's law of heat conduction (Romps, 2008). While it can be computationally
convenient to model the total flux as proportional to the gradient of a single combined quantity such as total
enthalpy (%), this approach is inconsistent in a multi-component fluid with a dry-air reference frame because it
includes a component representing the enthalpy flux associated with dry-air diffusion (x — hy 4 V (1 — q,),
which should not appear.

A consistent formulation requires modeling these two components explicitly. The first component, representing
the enthalpy advected by the diffusion of water mass, is given by the sum of the enthalpies carried by the diffusive
mass flux of each water species,

Fvaer = ) hou ¥, (30)

uelv.Li}

where T[h ~ —D,Vgq, is the diffusive mass flux of water species u with specific total enthalpy 7,

(Romps, 2008). The second component is the thermal diffusion of sensible heat. In a stratified fluid, this flux must
be proportional to the gradient of a quantity that is at least approximately conserved under adiabatic displace-
ments: here, the dry static energy,

Sdzhd+q)= pd(T—T())‘}‘q) (31)

is the natural quantity. This ensures that no spurious vertical heat flux is generated in a neutrally stratified at-
mosphere with ds;/0z = 0. The thermal flux is therefore modeled as

T;l,thermal = _Dh VSd' (32)

The total diffusive SGS enthalpy flux is the sum of these two components:

YATUNIN ET AL.
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T;l = TI;,water + Ez,thermal = _Dq Z htot,quﬂ - thsd' (33)
ueiv,l,i}

This explicit decomposition ensures energetic consistency. The thermal flux term is invariant under shifts of the
reference temperature 7, and the transformation of the water-enthalpy flux is handled consistently by the total
water conservation law (Appendix A). This consistency holds for any choice of the diffusivities D), and D,,. A
common and physically motivated choice is to set them equal (D, = D,), which corresponds to a turbulent Lewis
number of unity and ensures that the net turbulent flux approximately vanishes in a moist-neutral atmosphere. We
will discuss the partitioning of this total enthalpy flux in the context of boundary fluxes in Section 3.7.4.

3.4. Hyperdiffusion

Additionally, the SGS fluxes also include the horizontal hyperdiffusive scalar fluxes Hj,, qu, qu, Hx’ as well as

the hyperviscous specific momentum flux tensor H,. They are included to enhance numerical stability and
suppress spurious oscillations, that is, as a numerical artifice; in our implementation, they also depend on the
terrain-following coordinate system and its notion of what is meant by “horizontal.” Nonetheless, we include
them here for completeness.

For a generic scalar y, we use biharmonic hyperdiffusion, , where the flux is proportional to the third derivative of
the field. The hyperdiffusive flux is given by

H, = v, Vi[Vi(w —w,)]: (34)

where v, is a hyperdiffusion coefficient and V), is the horizontal del operator. In this context, “horizontal” refers
to terrain-following horizontal coordinates, as detailed in Section 4. A vertically varying reference state v, is
subtracted from dry static energy and total specific humidity to reduce spurious vertical mixing that can arise from
diffusion along coordinate surfaces that warp over steep topography (e.g., Doms & Baldauf, 2018; Herrington
etal., 2022). The reference state is derived from the same temperature profile 7,(IT) used for the pressure gradient
force, with a constant relative humidity of 50% for specific humidity.

Hyperdiffusion is applied to the total specific humidity, ¢;,. However, a physical distinction is made in how the
resulting tendency is applied to the individual water species. Applying horizontal diffusion to precipitating
species (e.g., rain and snow) would artificially smear out features such as rain shafts whose evolution is dominated
by vertical sedimentation and microphysics. Therefore, to preserve the structure of precipitation fields, the
hyperdiffusive tendency for total water is partitioned exclusively among the suspended species (water vapor,
cloud liquid, and cloud ice). The hyperdiffusive flux divergence for a specific condensate category g is thus

defined as

q,‘j( 1 .
1 - ——Vh~(/)H1)> if 6 = cl (cloud),
—;vh~(quz)= @'\ p !

0 if o = pr (precipitation),

(35)

where ¢&' = g, — g" — ¢ is the total specific humidity of the suspended components (vapor and cloud
condensate). The corresponding tendency for water vapor is handled implicitly, as its specific humidity is
diagnosed from the total and condensate specific humidities.

Consistent with the formulation for the turbulent flux F,, the total hyperdiffusive enthalpy flux H,, in the total
energy equation is constructed from its components: a thermal flux and a water-enthalpy flux. The thermal flux,
H,,

the enthalpy transported by the hyperdiffusive flux of total water, H,. Given the partitioning of the water ten-

directly hyperdiffuses the dry static energy, s; = h; + ®. The water-enthalpy flux, H}, > accounts for

dency, this flux is exactly given by

Hh,water = htot,CIHq, s (36)
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where hy o is the mass-weighted average specific total enthalpy of the suspended water species:

ooy + ‘1?1 i, + ql?l Doy,

htot,cl = o (37)
q;
The total hyperdiffusive enthalpy flux is the sum of these components:
Hh = Hs(, + Hh,water = I/hvh [Vi (sd - sd,r)] + htot,clHq,' (38)

Consistent with the physically motivated assumption of a turbulent Lewis number of unity, the hyperdiffusion
coefficients for dry static energy (v,) and total specific humidity (v,) are chosen to be equal. This consistent
formulation, where the hyperdiffusive flux in the total energy equation explicitly accounts for the energy
transported by the hyperdiffusive water flux, ensures that total energy and water are conserved. Because all
hyperdiffusion is formulated as flux divergences along horizontal coordinate surfaces, the operators only
redistribute quantities and do not create spurious global sources or sinks. This contrasts with formulations where
hyperdiffusion is applied to potential temperature or other intensive thermodynamic variables, which can lead to
unphysical sources or sinks of total energy that then must be compensated by energy fixers.

For the velocity field, we apply horizontal biharmonic hyperviscosity to the three-dimensional vector velocity u,
H, = v, Vi(Au), (39)
with horizontal vector Laplacian defined as
Au=V,(V,-u)—V, x(V,Xu). (40)
The specific momentum tendency due to hyperviscosity can then be expressed as

1 1
_;Vh <(pH,) = _;Vh “(pru Vi)Auu. 41

Since computing the tensor divergence in non-orthogonal coordinates involves curvature terms (Christoffel
symbols), we adopt a computationally more efficient form that is often employed in atmosphere models (e.g.,
Dennis et al., 2012; P. H. Lauritzen et al., 2018; Ullrich, 2014; Ullrich et al., 2018):

—ﬁvh (M) % D = 1[5V (Vs - Agtt) = V X (V) X At)] 42)

When 6y, = 1 and the hyperviscosity v, is constant, this approximation arises from neglecting density variations
along horizontal coordinate surfaces. For &g, > 1, the nondimensional parameter &y, allows for increased
damping of two-dimensional divergent flow components, which include gravity waves (Jablonowski & Wil-
liamson, 2011). Our default choice is d4;, = 5 (P. H. Lauritzen et al., 2018).

For numerical stability, the hyperviscosity v, generally needs to increase with average horizontal grid spacing dx,

typically like (6x)° (P. H. Lauritzen et al., 2018; Skamarock et al., 2014). The hyperdiffusivities v, = v, are
related to the hyperviscosity v, by a turbulent Prandtl number
Pr, =22 <1 (43)
Vn

3.5. Sedimentation and Fall Velocities

In moist air, liquid water and ice within clouds can sediment, and precipitation falls. We denote the corresponding
downward velocities relative to the dry-air velocity by w; and w; for liquid water and ice. For distinct cloud
condensate and precipitation species, we use w§, (where u € {/,i}and o € {cl,pr}), and for any other tracer y with a
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differential vertical velocity relative to the dry air (e.g., a moment of a hydrometeor size distribution), we use w,.
All sedimentation and fall velocities are defined as positive downward, implying that —wy k, with upward vertical

unit vector k, points downward.

These sedimentation and fall velocities are parameterized, often by a microphysics scheme that relates them to the
size distributions of hydrometeors. The total water sedimentation flux W, is the weighted sum of the constituent

velocities, considering that only condensates have motion relative to the dry air:
W, = qw; + qw;. (44)

The condensate velocities can themselves be weighted averages of separate condensate categories, for example:

cl el 4 pro pr
wit + g w
wy = v T W , (45)
el

with an analogous expression for ice velocities.

Sedimenting/falling condensate carries total specific enthalpy downward, resulting in a sedimentation flux
Wi = qihorwi + Gilioriwi, (46)

where hy,; and hy; are the specific total enthalpies of cloud liquid and ice. (However, because condensates are
assumed to be incompressible, energies and enthalpies do not need to be distinguished here).

3.6. Mass Sources and Sinks

The mass continuity Equation 26a explicitly accounts for the sedimentation of condensate relative to the dry-air
velocity u. In addition, on the right-hand side, it includes the effective moisture source/sink

- 1

S, = —;V [p(F, +H,)I (G
owing to SGS fluxes of water, , and H, (Romps, 2008). Taking the difference between the continuity Equa-
tion 26a and the total water Equation 26d then yields the exact conservation law for dry air mass density
p(1 — g,), without sources/sinks on the right-hand side.

In Earth's atmosphere, the effective moisture source/sink :Qq, is usually at least two orders of magnitude smaller
than the other terms in the continuity Equation 26a. It is neglected in most models, and it does not usually have a
significant effect in Earth-like climates (Abbott & O’Gorman, 2024). We retain it for generality, as it becomes
dynamically important, for example, in Mars's atmosphere, where the condensable species (CO,) is a major
constituent of the atmosphere (Soto et al., 2015).

3.7. Surface Boundary Conditions

The surface boundary conditions are relatively standard. We enforce the vanishing of the normal component of
the dry-air velocity at the surface,

fi - u|sfc =0, (48)
where 7 is the outward-pointing unit normal vector at the surface. As the velocity u is the dry-air velocity, this
condition enforces an impermeable boundary for the dry-air component of the fluid. This is an advantage of the
dry-air reference frame, as it allows for a simple no-normal-flow condition even in the presence of surface
moisture fluxes (e.g., evaporation or sublimation), where the moist-air mean velocity would be non-zero.

To specify diffusive flux boundary conditions, we also require the near-surface velocity component parallel to the
surface
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Table 3
Variables in Boundary Conditions
Variable Definition Units
i Unit normal vector pointing into flow domain
Cq Drag coefficient for momentum
Cy Exchange coefficient for enthalpy and water vapor
e Aerodynamic conductance m s~!
& Conductance for enthalpy and water vapor ms~!
q; Saturation specific humidity kg/kg

Evaporation/sublimation rate kg m~2 s~!
13, Precipitation rate (4 € {L,i}) kg m™2 57!
EF Total enthalpy flux W m™2
LHF Latent heat flux W m~2
SHF Sensible heat flux W m~2
Upint = (I — aA" Ui (49)

where I is the identity tensor. Here, the subscript “sfc” denotes quantities at the surface, while “int” refers to near-
surface quantities within the atmosphere, typically evaluated at the model level closest to the surface.

Surface boundary conditions for the various SGS fluxes F. are generally formulated using bulk exchange laws,
with exchange coefficients derived from Monin-Obukhov similarity theory (Foken, 2006). These bulk exchange
laws are essentially first-order finite difference approximations of flux-gradient relationships. We introduce the
notation

ASII/ = Vint — Vst (50)
to represent differences in scalar quantities y between the near-surface atmosphere and the surface. See Table 3

for variables and notation used in boundary conditions.

The various hyperdiffusive fluxes H. are aligned with the model's “horizontal” coordinate surfaces, which
conform to the terrain near the surface. This alignment eliminates the need to explicitly define boundary con-
ditions for hyperdiffusive fluxes at the surface, although it may introduce spurious vertical mixing near steep

topography.

Finally, fluxes associated with sedimenting or falling condensate are subject to outgoing conditions at the surface.

3.7.1. Momentum Flux

The momentum flux at the surface is modeled using a drag law,
- (pT)|sfc = _psfccd”up,inl”up,im’ (51)

where C, represents the drag coefficient (determined based on surface and flow properties using Monin-Obukhov
similarity theory) and pg, is the air density at the surface, obtained by hydrostatic extrapolation:

P ~ p, Rm (qim) Tint exp gAZ (52)
sfe int Rm (qsfc ) Tst Rm (qim) Tint

The surface velocity is assumed to be zero, so only the near-surface wind parallel to the surface, u,, ;,, appears and
effectively captures the velocity difference between the near-surface air and the surface.
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3.7.2. Evaporation and Sublimation

Evaporation and sublimation processes are modeled using a bulk exchange law similar to the momentum
drag law,

E=n- (pT(;‘,)LfC = _psfcghAsqv’ (53)

where g, is the effective conductance for water vapor. Over wet surfaces, such as oceans or lakes, this
conductance reduces to the aerodynamic conductance,

8n = &e = Ch”up,inl”’ (54)

with C), analogous to C,; for momentum. The surface specific humidity g, i, appearingin A;g, = Gy int — Gy ID
that case is set to the saturation specific humidity at the surface conditions,

9y stc = q\f (TSfC’/)sfc)‘ (55)

For land surfaces, modifications to conductance and surface specific humidity reflect the surface characteristics
(Bonan, 2019).

3.7.3. Precipitation and Sedimentation of Cloud Condensate
Condensates with sedimentation/fall velocities w; and w; (and w{ and w{ if there are separate cloud and pre-

cipitation categories) satisfy outgoing boundary conditions at the surface; that is, for example,

pq: WI(; |sfc = pql(j W; |im' (56)

The fluxes

P, =Y paiwi(k-a)|  for pe{Li), o€f-clpr} (57)

all contribute to the respective precipitation rates.

Diffusive SGS fluxes of cloud condensate and precipitation are taken to vanish at the surface, for example,

i-(pF, ) . =0 for pelli} (58)

I’ Isfe

3.7.4. Enthalpy Fluxes

The diffusive total enthalpy flux EF = 7 - (pF,)|
enthalpy flux F, defined in Section 3.3. It is the sum of two physically distinct components: a thermal diffusion

«fc at the surface is the boundary condition for the interior SGS

flux and a flux of total enthalpy advected by the evaporating water mass. For consistency with conventional
partitioning, this total flux is decomposed into a sensible heat flux (SHF) and a latent heat flux (LHF).

The latent heat flux is defined conventionally as the energy associated with the phase change of the evaporating
water,

LHF = L, E, (59)

where E = —p.g,A,q, is the evaporation rate.

The sensible heat flux is then defined as the sum of all other non-latent energy fluxes. This includes the thermal
diffusion flux, which is driven by the near-surface difference in dry static energy (s; = h; + @), and the sensible
heat and potential energy advected by the evaporating water mass, neglecting the (small) kinetic energy:
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SHF = “Pstc8h AS (sd) + (hv +@— Lv,()) E. (60)
With these definitions, the total surface enthalpy flux is given by the conventional sum:

EF = SHF + LHF. (61)

This formulation correctly accounts for the static energy carried by evaporating vapor, in addition to the dry static
energy flux.

For this formulation to be consistent, the effective conductance g, is used for both the thermal flux component of
SHF and the water vapor flux (E). This is physically motivated by the assumption that the respective eddy dif-
fusivities are equal (a turbulent Lewis number of unity, see Section 3.3). In the dry-air limit, this formulation is
equivalent to classic closures based on the potential temperature difference because vertical dry static energy
gradients approximate potential temperature gradients. Appendix A2 shows that this formulation of the surface
enthalpy flux transforms such that the model physics remain invariant under shifts of the reference tempera-
ture 7.

Finally, the downward enthalpy flux carried by sedimenting/falling condensate, —pW, k, satisfies an outgoing
= pW, ;- The sedimentation flux of enthalpy, W, is the mass-
weighted sum of the constituent total enthalpies:

condition at the surface, ensuring pW|.

W, = qihogw; + gibioyiwi (62)

To maintain a closed energy balance, this energy loss in the atmosphere must be accounted for as an energy gain at
the surface.

3.8. Model Top and Sponge Layer

The model top is a rigid lid at fixed height z,, with insulating and free-slip boundary conditions. To absorb
upward-propagating waves and prevent their reflection, we apply damping to all prognostic variables via viscous
dissipation, with additional Rayleigh damping for vertical velocities.

3.8.1. Viscous Sponge

We apply horizontal viscous damping to all prognostic variables within a sponge layer. This damps fluctuations
near the upper boundary without, for example, imparting an artificial and unphysical zonal-mean torque, as
Rayleigh damping of horizontal velocities would (Shepherd et al., 1996). The tendency for a scalar y due to
viscous damping is

pSu/ =+ Kmaxﬁspongevh : (pvhl//)7 (63)

where i, = 10® m? s™! is a turbulent diffusivity and Biponge(2) € [0, 1] is a vertical ramp function ensuring a

smooth onset of the sponge layer, and the dots indicate other tendencies. We use the following ramp function
(J. B. Klemp & Lilly, 1978):

0 252y,

ﬂsponge(z) = sin2 (E =24 ) 2> 2 (64)
2z, —24

where z, is the altitude where the sponge layer begins. The sponge layer's thickness should be about 1.5 times the
vertical wavelength of the waves it aims to absorb, which is around 2 km—10 km in the stratosphere (Durran &
Klemp, 1983; Ern et al., 2018; Fritts & Alexander, 2003; J. Klemp et al., 2008; Midgley & Liemohn, 1966;
Tsuda, 2014). Our default choice is z; = z; — 15 km.

For the three-dimensional velocity vector u, viscous damping is applied as
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su =+ KmaxﬁspongeAhu’ (65)

with the horizontal vector Laplacian defined in Equation 40. For simplicity, we neglect horizontal density var-
iations, similar to the hyperdiffusion approach in Equation 42.

3.8.2. Rayleigh Drag

We additionally damp the vertical velocity component k-u using linear (Rayleigh) drag:
Su = amaxﬁsponge (I} ' u) i‘ (66)

This damping is exclusive to vertical velocities to avoid introducing an unphysical zonal-mean torque, which
could lead to artifacts in the upper atmosphere circulation (e.g., Shepherd et al., 1996). We use the same ramp
function (Equation 64) as for the viscous sponge. Effective maximum relaxation coefficients are typically around
Amax = 0.2 s71 (Jablonowski & Williamson, 2011; J. Klemp et al., 2008).

4. Generalized Coordinates

4.1. Coordinate System and Metrics

To enable both higher resolution near the surface and simulations with topography, we employ a height-based,
terrain-following, and stretched vertical coordinate & and horizontal coordinates (51,52) that parameterize a
cubed sphere for simulations on a sphere (Ronchi et al., 1996; Sadourny, 1972). This results in generalized

coordinates (51 ,E2, 53) that are curvilinear and non-orthogonal in the presence of topography.

We define the coordinate system through a mapping from generalized coordinates to position vectors r in an
embedding Euclidean space,

r(61762’§3) = ri((:l,627§3)xi’ (67)

where (x1,x,,x3) are Cartesian basis vectors, and we use Einstein notation for summation over repeated indices.
This mapping allows us to compute the covariant basis vectors,

_or

e; _a_g"’ (68)

which are tangent to the generalized coordinate surfaces (see Figure 1 for an illustration). Because the mapping
must also be invertible, we can also obtain the contravariant basis vectors,

e =V¢, (69)

which are orthogonal to the generalized coordinate surfaces. As usual, we use upper indices for contravariant
basis vector and components and lower indices for covariant basis vectors and components.

The basis vectors satisfy the orthogonality relation

e =e-e=¢, (70)

where 5; is the Kronecker delta. The covariant and contravariant components of the metric tensor g are then

given by
gi=e-e and gi=e e (71)

We will also need the covariant and contravariant components of the alternating tensor &, given by
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Figure 1. Unit covariant and contravariant basis vectors &; and & in stretched terrain-following coordinates, with the vertical
direction (direction of increasing gravitational potential) denoted by the unit vector k. The horizontal dotted lines indicate
uniformly spaced values of & in the plane where &' = 0, and the vertical dotted lines indicate uniformly spaced values of Ein
this plane. As one moves upward, e; and e, become more orthogonal to gravity, while e; increases in length.

Ejn=e;-(ejxe)=Jey and E*=¢' - (e/xe) = jel"k, (72)

where e = ' is the Levi-Civita symbol, and J = (det(g))l/ 2 is the Jacobian determinant (volume element in

generalized coordinates).

Any vector u can be expressed in terms of its covariant (;) or contravariant («') components,
u = ue' =ue,, (73)
which are related by
u; = g,juj and u =gl u;. (74)
Inner and cross products of vectors can be written as
u-v= gijuivj = &«J»uivj, (75)
and
uxXy= 8’7ke,-ujvk = Sijkeiuka. (76)

The gradient, divergence, and curl operators can be expressed as

.0

V= etd_rfi’ (77a)

1o ;

V. =-—J(), 77b

2 (E) am)
VX= 8’7ke-i(ek)7, (77¢)

la§J

where (-)T denotes the transpose.
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4.2. Equations of Motion

Leveraging standard tensor calculus (Kajishima & Taira, 2017; Appendix A), we express the governing Equation
26 in generalized coordinates (&',&%,&%) as follows:

1. Mass continuity

a 0 . .
t5 agf[’”(“’ w, ) =p3, (78a)
VI
2. Momentum
O+ (2084 0! = =00, - 0,) T - L@ - @)
or i ikl pd\Yy vr 6!;’ ()f’
0 b 1 (78b)
Sui 4 »
-k +2wi—D, — —V; Jg T9).
a¢' VI pJ i(PIaxTY)
|\ —
i
3. Total energy
J NI
5 Pe) * 5 aé:j[pf(h[o,uf W, k)] = _ja?j(pm{)
N—
Vi Vi (78¢)
10 j i ;
~ e Ty
4. Total water
(pq[) 10 (g’ = w, k)] = ( )———(/) (78d)
\H/—/
VI i

5. Condensate/precipitation (for u € {/,i} and ¢ € {-,cl, pr} as needed)

1
w — .
o) + 5 sl =i = g = 5 ) = 0T 759
| —
VI VI
6. Tracer transport
0 .
el -2 j_ g A J
(p)() + Jod [pJ)((u wy k )] pPS, — 7 05’ (p 7 (35/ pJHX) (78f)
VI VI

The following symbols appear in the equations:
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o The specific kinetic energy of the resolved motions is

ki
= 8 Wty . (79)
2
o The contravariant vorticity component is
.0
o = ek (80)
o0&’

¢ The contravariant components of the vertical unit vector are k= 54, so that the contravariant sedimentation/
fall velocities only have contravariant vertical components.

 The operator V; denotes the covariant derivative, which includes curvature terms (Christoffel symbols) that
account for changes of the basis vectors in space.

To avoid explicitly computing the curvature terms, as is common in computational fluid dynamics, we evaluate
the tensor divergence by transforming to Cartesian coordinates, computing the divergence there, and transforming
back (Vinokur, 1974), which avoids undifferentiated terms (Christoffel symbols) that would make ensuring
discrete conservation difficult. However, in the examples presented in this paper, the SGS momentum flux tensor
only has contravariant vertical components.

Hyperdiffusive horizontal scalar fluxes are computed by repeated application of gradient and divergence oper-
ators; that is, for a generic scalar v,

. . 0(A .
H) = ngk(—hk‘”), jke{l,2} (81)
&
where
10/(, ,op
Ay == —|Jg*=2), ike{l,2 82
s Ja.f-f( g ag") Jke{l,2} (82)

is the horizontal Laplacian of y on the terrain-following &' and & coordinate surfaces. For the tensor hyper-
diffusion in the horizontal components (i = 1,2) of the momentum equation, we use the simplified form
(Equation 42), expressed in generalized coordinates.

We adopt the approach of Gardner et al. (2018) and use the covariant velocity components u; as prognostic
variables. This leads to an equation set where vertical (i = 3) pressure and geopotential gradients are isolated to
the covariant vertical velocity equation. This simplifies the maintenance of hydrostatic balance and the imple-
mentation of implicit solves in the vertical direction, as only the i = 3 component of the momentum equations
needs to be involved in those implicit solves. In anticipation of the description of the timestepping strategy in
Section 5.7, the terms that are treated as vertically implicit (VI) are marked in the above Equation (78).

5. Discretization

This section details the discretization of the governing equations. Our approach is a hybrid one, combining a
horizontal spectral element method (SEM) with a vertical finite-difference method on a staggered grid. While the
foundational principles of the SEM are well-established in the literature (e.g., M. A. Taylor & Fournier, 2010; M.
A. Taylor et al., 2020), our specific implementation presents unique challenges and solutions that merit a detailed
description. In particular, the use of a height-based, terrain-following coordinate (as opposed to, e.g., mass-based
coordinates) and the strict requirement to discretely conserve total energy, mass, and water necessitate a careful
and specific treatment of the reconstructions and interpolations on the staggered grids. These details, while subtle,
are crucial for the model's conservation properties and overall robustness. The following subsections therefore
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-~ .e [ ’
cee_® _.-*" Face Points

Figure 2. Finite element discretization for an atmosphere with a large mountain at one pole. The circled elements on the right
show Gauss-Lobatto-Legendre points at layer centers and faces. Grid parameters: N, = 4, N, = 3,and N, = 6° =216 (6
panels of an equiangular cubed sphere with 6 elements along each side).

outline the necessary components of our hybrid scheme, focusing on the aspects that ensure its fidelity and
conservative nature.

5.1. Cubed Sphere Mesh in a Deep Atmosphere

To decouple horizontal (&' and &) and vertical (&) operations, we discretize the domain with N, horizontal
elements, extruded vertically into N, layers with a stretched, terrain-following grid (Appendix B), resulting in
N, X N, total elements. For simulations in a spherical shell, we employ an equiangular cubed sphere grid (Ronchi
etal., 1996; Sadourny, 1972); see Figure 2 for an illustration. For simulations in Cartesian geometry, we apply the
same framework to a box domain.

Using a local coordinate system (&',&2 € [-1,1] and & € [0, 1]) in each element (indexed horizontally by #;, and
vertically by n,), the radial unit vector kis given by

k(&' &5 m,)

_— 83
(@ &5m) ®

k(&.&m) =

. . . - . . . , . ~SE
where the non-normalized radial vector k is a bilinear interpolation of the quadrilateral's vertex coordinates k,,
NE ~NW

, k

=

, and I}ihw on the cubed unit sphere (Guba et al., 2014):

s y

KEEim) = 0+ (1= hr + (14 (1+2) B

+ (1= 1+Vk, +(1-)Y1 -k ]

(84)

Projecting the unit vector k onto the element's bottom and top faces at elevations zp and z7, the elevation of points
in the element is given by linear interpolation:

Z(él g 529 53 sy nv) = (1 - 63) B (él > 52; ny, nv) + é:SZT (él ’ 52; ny, 1, ). (85)
The transformation to physical coordinates is then

r(fl’fzﬁ 53; nhanv) = 7(51,52,53;}1]1,}’1\,) I}(El’zjz;nh)i (86)
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where r = R + z is the norm of the position vector r, and R is the fixed radius of the reference sphere (e.g.,
Earth's mean radius). The horizontal covariant basis vectors e; (i = 1,2) for this transformation are

0

ei(él s 52’ éSa ny, nv) = l}(él 752; nh) Fz(él ’52’ 53; ny, nv)
: (57)
0 =~
+ r(§1’€2’§3;nh’nv) ()_fl k(gl’éz;nh),
and the vertical covariant basis vector e is
€3 (fl > 62’ Ny, nv) = [ZT (61 > '}:2; Ny, nv) —ZB (51 s 525 ny, nv)] I}(fl ’ 52; nh) (88)

All horizontal derivatives, including those that appear in e; and e,, are evaluated using the spectral element
method, and discontinuities in the derivatives are eliminated through direct stiffness summation (Section 5.2).

We approximate Earth's geoid and geopotential surfaces as spherical, but we retain the full deep-atmosphere
equations and geometry (White et al., 2005), without using the shallow-atmosphere approximation (r ~ R).
(However, the model implementation also supports the shallow atmosphere approximation, with the corre-
sponding adjustments to metric terms and equations of motion.)

5.2. Horizontal Spectral Elements

We use the continuous Galerkin spectral element method (SEM) for horizontal discretization (Karniadakis &
Sherwin, 2005; M. A. Taylor & Fournier, 2010; M. A. Taylor et al., 2020). The SEM approximates a variable field
w(r) via the nodal point representation y ~ Ty, with

Iy[r(&. 2.8 m.n,)| = 0, . (6. 8.8), (89)

where i, , is a polynomial of order N, in &' and 2. We represent W, n, Using tensor products of Lagrange

polynomials L;,’p through N, + 1 Gauss-Lobatto-Legendre (GLL) quadrature points 47]:,, (Appendix C):

N,+1

¥ (8.8.8) = 3 L (E) LR (Wi (-5 E): (90)

ny,npy=1
The continuous Galerkin SEM interpolates between the values of y at nodal points,
sy phy ~ P L)
wlr(y 85 & smem)] = 0 (885 E°), )

meaning that Ty is continuous across element boundaries as long as y is continuous.

To ensure continuity at boundaries, we use the direct stiffness summation (DSS) operator P (Deville et al., 2002;
M. A. Taylor & Fournier, 2010). This operator replaces the value at each boundary point with a volume-weighted
average over its collocated neighborhood,

z P (En O E)SV(EN 885y, )
Ay A (my,my,my)E ,:‘I'"Z
P(Iy/)[r( ]\}p,é}g]’g;nh,nv)] _ U m)€Cy 5 §V(éﬁ,, 7" B n) . (92)
N,;’ Np’ s Hlpy Ity

(mymy,my)EC,"

ny,

The collocated neighborhood of r(élep, é}]:’i’ 53;nh,nv) is the set of indices in horizontally adjacent elements that

correspond to the same physical location,

C:’,;,nz = {(mlymZ’mh) | r(é\}]s’j’ A]:ll;’§3;mh7nv) = r(éy}:/lpyé’:;/i’és;nh’nv)}' (93)
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The volume differential
5V(&,‘p,g£},é3;nh,nv) = wﬁlp w;(,j)J(ész,é”N’;,é;nh,nv) (94)

is formed from the GLL quadrature weights w;l\;p of the nodal points g:,] and a discrete approximation of the metric

Jacobian J (Appendix D). When applying P to vector fields, we first convert the vectors to Cartesian repre-
sentations, apply P to each component, and then convert back. DSS is the only operation requiring horizontal
communication between elements, thus enabling parallel computing efficiency.

For any continuous interpolation Z¢, the DSS operator preserves the discrete inner product,
So,[1¢. P(Iy)] = S, [ 1y, P(19)]. (95)
This approximates the integral over the horizontal domain €, (a volume of height 5£% = 1 centered on coordinate

& in the layer of elements with vertical index n,), using nodal point quadrature along the horizontal direction and
the midpoint rule along the vertical direction:

APV & Ig, (o1,) (T Ty)

(&5n)
96
Ny Nptl . F JU . ( )
=20 20 bG8, (G 8 8NV €.
m=1 ny,n,=1

Preserving this inner product enables differential operators to discretely conserve air mass, energy, and other
quantities (Appendix E).

5.3. SEM Differential Operators

The SEM provides strong and weak formulations of horizontal differential operators. The strong formulation
approximates the derivative dy/d& (i = 1,2) by differentiating the basis functions in the nodal point repre-
sentation (Equation 90):

N,+1 . o
L Gy i, (888 ifi=1,

J N n my =l

LRCER o o
2 L G, Gy O3 8)  ifi=2
my=1

The components of the three-dimensional differential operators (Equation 77) involving horizontal derivatives are
then

[/} d
v, —e'—aéEl + 2_552’ (98a)
L0y L9 0
Vh._JaflJ(e)T+Ja§2J(e )T’ (98b)
_(er 9 _e 9 _e (0 ,yi_ 9
VX = < e 651)(e3)T ; <a§2(e1)T 3 (ez)‘), (98c¢)

where J is a discrete approximation of the metric Jacobian (Appendix D). These operators satisfy the identities
V, XV, =0and V,-V,x =0 (M. A. Taylor & Fournier, 2010).
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The weak formulation (indicated by tilde accents) modifies the derivative to satisfy an integration by parts
identity, ensuring that the weak derivative is the negative adjoint of the strong derivative:

(I¢ 75 Il//) + Jgh<ly/, J 0@ I¢) (99)

The weak derivative can be computed as

N,+1 ml A
5 - Z Ly (G W (G B .E) =1,
J ~ SN gy L3\ ml—l N,
Tgwnlx’n"(dv"’é}[l]’]’é ) - N,+1 mz (100)
- Ly (G Wi Gy -8 -8)  ifi=2.
mz—l

The corresponding weak differential operators, obtained by using weak derivatives in Equation 98, also satisfy the
identities V), X V, =0 and V, -V, x =0. Both formulations offer computational efficiency, computing
horizontal derivatives at O(Ng) nodal points in O(N,) operations per node (M. A. Taylor & Fournier, 2010).

As in the three-dimensional continuous Galerkin SEM (M. A. Taylor & Fournier, 2010), the integration by parts
identity (Equation 99) leads to discrete versions of divergence and Stokes' theorems (Appendix E). To ensure
global flux conservation for scalars and vorticity, we use the weak formulation for flux divergences and for curl
terms in the momentum equation. (See Section 5.6 for further details.) Conversely, for gradients in the momentum
equation, we use the strong formulation to conserve kinetic energy when pressure gradients and sources are
absent.

We evaluate horizontal scalar and vector Laplacians using a mixed formulation,

ATy = V-V, Iy, (101a)
A~th=Vhﬁh-Zu—VhX ﬁhxlu, (]O]b)

which satisfies a second-order analogue of integration by parts (Appendix E). For fourth-order hyperdiffusion
tendencies, we apply the Laplacian A, twice, with the DSS operator P applied in between. This eliminates
discontinuities while preserving the inner product, ensuring global conservation for diffusion and hyperdiffusion
terms.

5.4. Vertical Staggered Grid

To suppress computational modes in the vertical, we use a mass-weighted Lorenz-staggered finite difference
method, where vertical velocities are defined on element faces and all other variables on element centers (Thuburn
& Woollings, 2005; M. A. Taylor et al., 2020). While other vertical arrangements of prognostic variables exist,
such as the Charney-Philips staggering, we chose the Lorenz staggering for its relative simplicity and proven
robustness. The analysis by Thuburn and Woollings (2005) suggests that while the Charney-Philips staggering
may offer marginal benefits for the numerical propagation of certain waves, the Lorenz staggering also performs
well. Given our primary focus on the exact conservation of fundamental extensive quantities, the simplicity of the
Lorenz grid was deemed a favorable trade-off against the small potential gains from a more complex staggering.

Staggered grids represent the nodal point interpolation Zy/(r) either using values ' at N, + 1 element faces (with

n, = 1 at the surface),

Ty[r(¢'.&,0;m,,n,)] if n, <N,,
v, (€.85m,) = . ‘ (102)
Ty[r(&', &, 1m0, — 1)] ifn,=N, +1,

or values y* at N, element centers,
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W;‘, (fl s 52; nh) = IW[r(él ’527 1/2; nh’nv)]' (103)

Lorenz staggering represents covariant vertical velocity components u, = use® by face values and horizontal

1

velocity components u, = u;e' + u,e?, together with all other variables, by center values. The vertical coor-

dinate levels are uniformly spaced in the generalized coordinate £ but are generally stretched and follow the
terrain in physical space (Appendix B).

To convert between faces and centers, we use an arithmetic average,
W, =, + Wi 1)/2, (104a)
y] ifn, =1,
Wy, =, +w,1)/2 if2<n, <N,

ws, ifn, =N, +1, (104b)

with constant extrapolation to the boundaries of the domain (M. A. Taylor et al., 2020), and a mass-weighted
average,

1

[yl = 7 J)C<(/n//1)f>c, (1052)
[ye) = ﬁ«owﬁ. (105b)

We apply the averaging operators componentwise to vector fields; for example, the available averages of
covariant vector fields on cell centers are

(@) = () (€)', (106a)
[@)e)f = [w)) (€)' (106b)
These operators satisfy a density-weighted averaging by parts identity for both scalar and vector fields,
I |00 1| = s [ w0 ] =0, (107)
o, [(pqﬁ)f, [we] '\] -G [(pw)°, <¢'">°] =0, (107b)

where the inner product over the vertical domain €, to second-order accuracy, is

N,
P Adz TG o oY) = Zl (@, (Ey-Eysm) (108)
oG & m) ”

for center interpolations and

Lt [ [ < 1 SNy
Pt sadz Ty o o, (0501) = 20 51wV, Gy Eyim)
n,=l1

v EN), 25N,

@, (& i m) ' (109)
+ (¢W5V)£V+| (EnN;’é}l:/?’nh)]
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for face interpolations, with 64 = 6V/(z; — zp) denoting the area differential for each nodal point. Preserving
this inner product allows combinations of averaging and differential operators to satisfy discrete conservation
laws (Appendix E).

5.5. Vertical Differential Operators

We approximate vertical derivatives by centered differences between adjacent faces or centers,

9 f)c f f
—W | =W~ W, (110a)
(653 " 41 3

0 f 0 ifn,=lorn,=N,+1,

Y =
(6§3W ) W, —Wno1 if2<n, <N, (110b)

At non-boundary points, these approximations commute with the arithmetic mean (-) and satisfy a discrete
product rule. For inputs on faces, this can be expressed as

f
<a%3wf> = a%(tl/fﬁ (111a)
a%(fﬁvf)f = <¢f>ca%wf + <wf>°a%¢f- (111b)

The components of the differential operators Equation 77 involving vertical derivatives are

cd
vyl =(e) @w‘, (112a)
10
v, uf = Fa_f(J';)f’ (112b)
e, 9 e) 9
vV, xuf = (JZC) E(”l)f_(;c) a_é(””f' (112¢c)

Swapping © and " superscripts yields analogous relations for inputs on centers.

The vertical derivatives satisfy a discrete form of integration by parts,

c c 1o f 1 9 c A c c, f
g5 (¢ o ) + ¢Q< L. ) = (05, iy — 501 ). (113a)
1 0 1 0 A
f f c C c ) _ f c f ¢
Io, <¢ , Fgl[/ ) + 0, (ll/ > 76—§3¢ ) = W((ﬁNle//NV - l[/l). (113b)

Where W = 5V/J is the product of GLL weights along the &' and £ directions. As with the horizontal dis-
cretization, this leads to discrete analogs of divergence and Stokes' theorems, which are crucial for conservation
properties (Appendix E). Recursive application of the differential operators also yields higher-order analogs of
these identities.

5.6. Velocity and Scalar Reconstructions

Evaluating differential operators such as flux divergences requires center values of vertical velocities, which are
natively defined on faces, and face values of other variables that are natively defined on centers. Therefore, face
values need to be reconstructed on centers and vice versa, in such a way that global conservation laws are
satisfied. One possible way to satisfy these conservation laws, in some respects resembling Simmons and Bur-
ridge (1981), is with the following reconstructions:

1. Density. We reconstruct the density on faces from the density on centers with the Jacobian-weighted average
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P =) (114)
This quantity is needed to define the mass-weighted average |[-|.
2. Velocity. The covariant components of velocity are reconstructed using unweighted averages,
@) = ()Y, (115a)
@) ={@))" (115b)
With the contravariant subtensors of the symmetric metric tensor g given by
g =g"eie) T+ g ei(ex) T + g7 es(er) T + g7er(er) T, (116a)
g =g"ei(e)T + g7es(er)", (116b)
g =g"es(e))T +¢7es(e), (116¢)
8" =g e (e, (116d)
the contravariant components are defined in terms of covariant components as
¢ _ hh C hv C 117
(") = (g"uwn) +(g"w) (117a)
N f
@) = [(g"us)] + @ u) (117b)
where a weighted average is used to reconstruct u’ on faces. We obtain #” on faces with an unweighted
average of its reconstruction on centers,
(@") = ((@"))" (118)
and we do not have a unique reconstruction of u#" on centers.
3. Velocity Boundary Conditions. At the top and bottom faces, we enforce the boundary condition (Equation
48) of no normal flow, (uV)E = (u"),f\,v +1 = 0, by setting u3 at the boundaries to
31y 4+ 032)°
(u3)€ = —7@ l 3 gf 2)1 5 (119a)
&) 1
31 32, \°
(g u +g Mz)N
Uy 1 = = (119b)
(& )M,+ 1
4. Vorticity. We compute the contravariant components of vorticity with a weak horizontal curl,
(@) = ¥ x @) + Y, % @), (120a)
(@) = Vi x ). (120b)
5. Kinetic Energy. The contribution of vertical velocity to # - u on centers is reconstructed using an unweighted
average of the term involving g"”,
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@ ) = (8w u,) + (" w, w,))". (121

The kinetic energy is then computed as

K = %(u ‘u) = %[(uh . uh)C + @ -uv)c]. (122)

6. Scalar Advection. We reconstruct scalars y, including specific humidities g, the specific total enthalpy A,
and tracers y, on faces through

y' = U[w‘)(uv)f], (123)

where U denotes an upwind-biased reconstruction (Leer, 1977; Lin et al., 1994) or a flux-corrected transport
reconstruction (Zalesak, 1979). This enables discrete monotonicity preservation of y for strong stability-
preserving timestepping schemes, and approximate monotonicity preservation for other types of time-
stepping. Our default choice is to use the upwind-biased reconstruction of Lin et al. (1994), with a limiter
based on local extrema of w°. The flux divergence of py is discretized with a weak horizontal divergence,

(0pWlaay)’ = =V (pyu") =V, - (pyu®)". (124)

Setting y = 1 yields the corresponding mass flux divergence, ensuring tracer-mass consistency.
7. Momentum Advection. Momentum advection is discretized in vector invariant form as

(0p],0y)” = =Vik® — (0" x u")* = [(@" x uV)rJC, (125a)

(atuv|adv)f =-V - (wh x uh)f’ (125b)

with a strong horizontal gradient of kinetic energy and a weighted average of the vorticity term involving u".

With these reconstructions, momentum advection conserves kinetic energy and vorticity globally, and flux di-
vergences conserve scalars globally (Appendix E). Because total energy is also discretely conserved, this ensures
that any numerical conversion between kinetic and non-kinetic energy is performed solely by the discretized
pressure gradient term and other physical sources/sinks, without spurious sources or sinks of energy from the
momentum advection scheme itself. This property is crucial for maintaining a consistent energy pathway between
the resolved kinetic scales and the thermodynamic reservoirs, even in the presence of moist processes.

5.7. Timestepping

We employ a HEVI timestepping strategy that steps horizontal tendencies explicitly and fast vertical tendencies
implicitly. That is, tendencies are split into explicit and implicit parts, T and T”, so that the equations of motion
(Equation 78) can be written as

0,Y =TE(Y,1) + T'(Y,1), (126)

where Y is a block vector representation of the prognostic state (Appendix F). The implicit tendency, consisting of
the vertical components of derivative and relaxation terms identified by “VI” in Equation (78), is responsible for
sound and gravity waves, falling/sedimenting condensate, diffusion, and damping along the vertical direction.

To step the state Y forward in time, we use an additive Runge-Kutta method,

N, N,
Ymror = P ¥y, + 8t D bETE (U, 1y + 80) + 6t Y BT (U 1o + 61) |, 127)

s=1 s=1
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defined in terms of N; stages
U, =PlU; +dst T' (U, 1y + cio1)], (128)

where the partially assembled stage values U; are given by
A i-1 i1
U =P|Y|., +6t ), aiT"(Upto + cFot) + 6t ), alT (U, 10 + clot) . (129)
J=1 =l

The DSS operator P is applied at the end of each stage and at the end of the timestep, avoiding the accumulation of
round-off errors that are discontinuous across element boundaries. Our default explicit/implicit Butcher tableau

coefficients a®/’, b , and ¢ are from the 3rd-order ARS343 scheme of Ascher et al. (1997), as this proved to be
robust and provide the shortest time to solution in the benchmark tests of Gardner et al. (2018). This scheme has 4
stages, 3 of which include explicit terms.

To find a value of U; that approximately satisfies Equation 128 on stages with a/, # 0, we use Newton's method to
iteratively solve the implicit equation

R(U)=U,— U, —dstT'(U,ty + c}6t) =0. (130)

Since T' does not involve horizontal derivatives, we can solve this equation independently in each column,

without applying DSS and incurring horizontal communication costs. Starting with the initial guess Ul(.o) = U,
Newton's method performs N, updates

-1
v = v - [wi (v )] R (00), (131)
where W; is the approximate Jacobian of the residual,

LAUHES %Ri(l]z‘)- (132)

The Jacobian approximation focuses only on the most rapidly varying terms, and its sparsity structure allows us to
compute (W;)™'R; through an efficient linear solver (Appendix G). After N, iterations of Newton's method, we
apply DSS to get the approximation

U ~ P(UEN”)). (133)

To ensure that Equation 128 is satisfied exactly, we approximate the implicit tendency of U; as

U -,

i I ~
PIT' (U.19 + cjot)| ~ e

(134)

A single Newton iteration is sufficient for ARS343 when only terms responsible for sound and gravity waves are
included in the implicit tendency (Gardner et al., 2018); 3 iterations are typically required when diffusion,
damping, and/or sedimentation are treated implicitly.

The HEVI timestepping scheme avoids limitations on ¢ from vertically propagating sound and gravity waves, as
well as limitations from damping terms that have short timescales, such as those in the sponge layer. This is
computationally advantageous because, at typical resolutions for atmosphere models, the vertical resolution (tens
of meters near the surface to kilometers near the model top) is much finer than the horizontal resolution (tens to
hundreds of kilometers). The principal remaining timestep limitation is from sound waves propagating
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horizontally with speed ¢, ~ 340 m s~!, resulting in maximum timesteps of order 6t ~ (8x),;,/ ;> Where (8x), i
is the minimum horizontal distance between nodal points.

The Julia programming language facilitates performance portability across diverse GPU and CPU computing
platforms. The code allows flexible but consistent use of different floating-point precisions, such as 32- or 64-bit
floating-point arithmetic, throughout the model.

6. Benchmark Tests

We assess the accuracy and conservation properties of the dynamical core in a series of benchmark tests. These
tests range from idealized baroclinic wave simulations to simulations of gravity waves generated by topography,
providing an evaluation of the core's ability to capture a range of atmospheric phenomena. All simulations are
performed at 32-bit floating point precision unless otherwise stated.

6.1. Baroclinic Waves

We first show results from a series of baroclinic wave tests of increasing complexity, beginning with a dry
baroclinic wave, then a moist version, and culminating in a moist baroclinic wave with topography. These tests
are designed to assess the dynamical core's ability to simulate the development of baroclinic instability, a crucial
driver of mid-latitude weather systems.

For the baroclinic wave simulations, we use polynomial order N, = 3 and N, = 120 spectral elements across

each edge of the cubed sphere, resulting in N, = 6N? horizontal spectral elements and an average grid spacing of

2 (135)

ox & [4n:a2/ (6N§NI2,)]
For N, = 120 and with Earth's mean radius ¢ = 6371 km, this implies an average grid spacing of ox = 26 km.
We use N, = 43 vertical levels that are unequally spaced using SLEVE stretching, for a resolution of 30 m near
the surface that increases to around 2 km near the model top at z;, = 30 km (Appendix B). We apply horizontal
hyperdiffusion with v, = 3.1 x 10" m* s~ for velocity and v, = 5y, for scalars, with damping of the
divergent flow component enhanced by a factor dg;, = 5. The timestep for all cases is 6t = 40 s. This corre-
sponds to an average horizontal Courant number for acoustic waves of about 40 s x 330 m s~'/26 km ~ 0.5,
which is comparable to the stable Courant numbers reported for the ARS343 scheme in the dry simulations of
Gardner et al. (2018), with the slightly smaller value in our case being consistent with the additional complexities
of moist dynamics, phase transitions, and microphysics. Only the moist baroclinic wave with topography uses a
sponge layer to absorb gravity waves at the model top; the other simulations do not require one.

6.1.1. Dry Baroclinic Wave

This test case uses a dry, deep atmosphere with a baroclinically unstable zonal jet (Ullrich et al., 2014). The initial
conditions are based on an analytical steady-state solution to the dry fluid flow equations on a rotating sphere
without topography. The initial state is zonally symmetric. A small-amplitude vorticity perturbation is inserted in
the Northern Hemisphere, which triggers the development of a baroclinic wave. The model is then integrated
forward in time for 10 days, and the wave's evolution is analyzed, with a focus on the development of a frontal
zone. Any short-term wave development observed in the Southern Hemisphere can be attributed to discretization
errors.

Figure 3 shows the surface pressure perturbation from the initial condition, the 850 hPa temperature, and the
850 hPa relative vorticity on days 8 and 10 of the simulation, focusing on the Northern Hemisphere. The qual-
itative features of the evolving baroclinic instability, including the pressure wave pattern and the onset of
overturning temperature wavefronts on day 8, are similar to those obtained with other dynamical cores (Ullrich
etal., 2014); however, the higher resolution of our simulations reveals more details, for example, about the frontal
structures than were visible in those earlier, lower-resolution simulations. Nonlinear effects are visible through
the appearance of breaking waves at day 10 in the air temperature and vorticity fields, and the formation of a
distinct, detached low pressure zone in the surface pressure field. The minimum surface pressure at day 10 is
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Figure 3. Dry baroclinic wave benchmark simulation at days 8 and 10: instantaneous surface pressure perturbation from
initial condition (top row), air temperature at 850 hPa (middle row), and relative vorticity at 850 hPa (bottom row). Only a
longitude sector in the Northern Hemisphere is shown; no perturbations would be visible in the Southern Hemisphere and in
the longitude sector not shown here.

925 hPa in this simulation, which is consistent with the range of values around 930 hPa obtained with several
other dynamical cores, including deep-atmosphere simulations, in Ullrich et al. (2014).

Figure 4 shows the pressure perturbation from its initial state along the S0°N latitude circle, capturing the growth
of the baroclinic wave. The characteristic westward tilt with height of the growing baroclinic wave is clearly
visible.

6.1.2. Moist Baroclinic Wave

This test case builds upon the dry baroclinic wave, adding moisture and simplified physics to examine the impact
of moisture feedbacks on wave development (Ullrich et al., 2016). The initial conditions for this test case are
similar to the dry case, but with the addition of a specific humidity field, which leads to a relative humidity
maximum of around 85% at lower levels in midlatitudes. The moist test case uses a 1-moment microphysics
parameterization to model precipitation processes, including prognostic equations for rain and snow, which re-
sembles the Kessler parameterization commonly used in this benchmark test (Hughes & Jablonowski, 2023;
Kessler, 1969); however, it differs from it in detail, such as the choice of parameters (Azimi et al., 2024) and the
inclusion of ice-phase microphysics (Grabowski, 1998; Kaul et al., 2015). This test case assesses the model's
ability to capture the interactions between subgrid-scale physical parameterizations and the dynamical evolution
of baroclinic waves.

Figure 5 shows the instantaneous surface pressure perturbation from the initial condition and the 850-hPa tem-
perature, relative vorticity, and specific humidity on days 8 and 10 of the simulation. The qualitative evolution of
the surface pressure, air temperature, and relative vorticity fields resembles that of the dry test case. Sharp
horizontal gradients and fine-scale features of moisture transport in the frontal zones, apparent in the specific
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Figure 4. Instantaneous pressure perturbation from initial state in dry baroclinic wave benchmark simulation at days 8 and 10,
shown along the 50°N latitude circle.

humidity field (represented on base-two logarithmic scale) at day 10, are retained at the horizontal resolution we
use in this simulation, suggesting that the choice of horizontal hyperdiffusion parameters does not result in
excessive diffusion. The model's robustness is further demonstrated by simulations at coarser resolutions (e.g.,
103 km average horizontal grid spacing, not shown), which correctly capture the fundamental dynamics and
large-scale evolution of the baroclinic wave, with finer-scale frontal structures being, as expected, less sharply
defined.

6.1.3. Moist Baroclinic Wave With Topography

This test case further enhances the complexity by adding idealized topographic barriers to the moist baroclinic
wave setup (Hughes & Jablonowski, 2023). It combines a baroclinically unstable base state with two analytically
prescribed mountain ridges in midlatitudes, which trigger both baroclinic Rossby waves and inertia-gravity
waves. This test case assesses the impact of mountains on baroclinic waves, examining orographically induced
flow features, precipitation patterns, and the coupling between physics and dynamics. To stabilize these simu-
lations with strong orographic gravity waves that propagate upward, we apply a Rayleigh sponge (Equation 66)
that damps vertical velocities in the top 5 km of the domain. The resolution, simulation timestep, and precipitation
timescale are otherwise identical to that of the moist baroclinic wave benchmark in Section 6.1.2. We use the
SLEVE terrain-following coordinate described in Appendix B.

Figure 6 shows the evolution of the surface pressure perturbation from its initial state, the air temperature at
850 hPa, and the precipitation rate for the orographically triggered baroclinic wave test case at days 4 and 6. The
surface pressure evolution compares favorably with Figure 4 in Hughes and Jablonowski (2023), with two
identical pressure systems downstream of the mountains on day 4, followed by two distinct low-pressure systems
triggered by the topographic obstacle. In a pattern similar to the pressure perturbation evolution, two nearly
identical temperature and precipitation fronts develop at day 4 downstream of each mountain, followed by
nonlinear wave breaking at day 6.

Figure 7 shows the evolution of the temperature front upstream of the topographic feature located at 140°E,
inertia-gravity waves due to the terrain obstacle, and a distinct updraft upstream of the mountain. We recover key
qualitative features of this test case noted by Hughes and Jablonowski (2023), such as the presence of the maximal
temperature perturbation at altitudes of several kilometers on day 4 and strong updrafts at 125°E.

Figure 8 shows the instantaneous cloud condensate specific humidity along the 45°N latitude circle between
100°E and 240°E. Comparing with Figure 12 in Hughes and Jablonowski (2023), we note that our simulations
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Figure 5. Moist baroclinic wave benchmark simulation at days 8 and 10: instantaneous surface pressure perturbation from
initial state (first row), air temperature at 850 hPa (second row), relative vorticity at 850 hPa (third row), and specific
humidity at 850 hPa (fourth row).

recover the most prominent cloud water features at approximately 140°E, where clouds are forced up to altitudes
of 8 km due to the mountain, and at 210°E. Weaker cloud clusters are present at 160°E, in contrast to the results in
Hughes and Jablonowski (2023), who see additional cloud water up to 6 km altitude at around 160°E. These
differences are likely due to our different representation of microphysics.

To verify the conservation properties of the dynamical core, Figure 9 shows the evolution of globally integrated
dry air mass, total water, and total energy over a 1-year simulation of the moist baroclinic wave with topography,
at 103 km resolution (N, = 30). We compare results from simulations using 32-bit and 64-bit floating-point
precision to confirm that any deviations from exact conservation are attributable solely to numerical roundoff
error.

As expected, dry air mass is conserved to the level of floating-point precision, with relative deviations of 0( 10_4)
in 32-bit precision reducing to O(107'?) in 64-bit precision. The atmosphere loses water mass through precip-
itation over the course of the simulation; however, the sum of the water mass in the atmosphere and the cu-
mulative mass of water precipitated to the surface remains constant, with deviations again controlled by floating-
point precision (0(10_4) for 32-bit and 0(10‘]3) for 64-bit). Similarly, total energy—the sum of the energy
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Figure 6. Instantaneous surface pressure perturbation from initial state (first row), 850 hPa air temperature (second row), and
precipitation rate (third row) at days 4 (left panels) and 6 (right panels) for the orographically triggered baroclinic wave test
case. The mountains are shown with solid contour lines.

within the atmosphere and the cumulative energy removed by precipitation—is conserved to within 0(10_1) at
32-bit and O(107®) at 64-bit precision, when normalized by the maximum kinetic energy. These normalized
deviations show that the conservation error is small relative to the potential-kinetic energy conversion that occur;
however, they appear relatively large only because the kinetic energy is five orders of magnitude smaller than the
total energy, which itself depends on the arbitrary reference temperature 7. These results demonstrate that even
in a complex benchmark with moist processes and topography, the model conserves dry air mass, total water, and
total energy without the need for ad hoc fixers.

6.2. Orographic Gravity Wave

To test the ability of the dynamical core to accurately simulate flow over topography, we consider the mountain
wave benchmark test of Schér et al. (2002). This test simulates uniform flow in a horizontally periodic Cartesian
domain that generates gravity waves when it impinges on a topographic obstacle.

For the numerical simulation, we discretize a two-dimensional domain with x,,,, = 300 km and z, = 21 km
using the grid parameters N, = 3and N, = N, = 100. The linearly attenuated vertical coordinate is stretched so
that element heights range from §z|, = 10 m near the surface to §z|, = 1 km at the model top. A Rayleigh sponge
above z; = 13 km damps vertical velocities with a maximum relaxation coefficient of a,, = 0.1 s~!. For the
initial condition, we use a velocity of # = 10 m s~! along the x-direction and a hydrostatically balanced pressure
profile. The buoyancy frequency has a uniform value of N = 0.01 s~! from the surface (at T, = 288 K) up to
T = 100 K, and an isothermal profile extends from 7 = 100 K to the model top. With this configuration, the
largest stable timestep for ARS343 is 6t = 0.7 s.
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from the initial state (left panel) and the vertical velocity (right panel) on day 4 of the orographically triggered baroclinic
wave test case. The mountain is depicted in black.

The methods discussed by J. B. Klemp et al. (2003) and Baldauf (2008), among others, can be used to obtain an
approximate analytical solution in terms of Fourier transforms. The quasi-steady state established in the nu-
merical simulation after a few days can be compared against the steady, first-order response to topography
predicted analytically. For a Schiar mountain of height 2 = 25 m, the simulated horizontal and vertical velocity
fields closely match their predicted values, with deviations on the order of 0.001 m s~! in the vertical velocity and
0.01 m s~! in the horizontal velocity when using 64-bit floating-point precision (Figure 10).

Deviations between simulated and predicted velocity components can be attributed to numerical errors from the
discretization and floating-point operations, as well as the first-order approximations used to compute the
analytical solution. As the mountain height approaches 7 = 0 m, we observe linear convergence of the deviations
when & <200 m (Figure 11). The deviations do not converge for larger mountain heights because of missing
higher-order terms in the analytical solution, and they do not converge for small mountain heights due to
inadequate resolution and floating-point precision. Since u;, has a larger magnitude than u,, but its perturbations
from gravity waves are similar to those of u,, its convergence is more strongly limited by floating-point precision.

7. Computational Performance

To assess the dynamical core's computational performance, we examine its weak and strong scaling on CPU and
GPU architectures. Using the moist baroclinic wave test case from Section 6.1.2 as a benchmark, we vary the
horizontal resolution by changing the number of horizontal spectral elements

Altitude (km)
IS

(¢}
|

120 N, along each cubed sphere edge, while keeping the vertical resolution fixed
at N, = 43 levels.

100 . .
The GPU scaling studies are conducted on the Derecho supercomputer at the

NSF National Center for Atmospheric Research (NCAR), which consists of
82 GPU nodes, each with four NVIDIA A100 GPUs and 40 GB of memory
per GPU (Computational and Information Systems Laboratory, 2023), and on
the Google Cloud Platform (GCP) using NVIDIA H100 GPUs. We use be-
tween 1 and 512 GPUs in this scaling study.

The CPU scaling studies are conducted on Intel Icelake CPU nodes on Cal-
tech's Resnick High-Performance Computing Cluster. Each node consists of

Cloud Condensate (x 10> kg kg~")

0 two 32-core Intel Icelake 8352Y processors with 1.5 TB of memory per node.

0 T
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Figure 8. Slice along the 45°N latitude circle, between longitudes 100°E and
240°E, showing instantaneous cloud condensate specific humidity at day 5

140

160 180 200 220 240 For higher-resolution simulations, with horizontal resolutions of 13 km or

Longitude (°E)

finer, memory constraints dictated use of at most 16 message passing interface
(MPI) ranks per node. To maintain consistency in the CPU scaling studies, we
use 16 MPI ranks per node—from 16 to 512 MPI ranks total—for all simu-

of the orographically triggered baroclinic wave test case. The mountain is lations, although this results in under-utilization of the available computing

depicted in black.

resources at lower resolutions.
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Figure 9. Conservation of dry air mass (left), total water mass (middle), and total energy (right) over a 1-year simulation of
the moist baroclinic wave benchmark with topography and 1-moment microphysics at 103 km resolution. Results are shown
for both 64-bit (F64, top row) and 32-bit (F32, bottom row) floating-point precision. Dry air mass is shown as the relative
deviation from its initial value (5.23 x 10'8 kg). For total water, the sum of atmospheric mass and cumulative precipitation

is shown, expressed as an average mass per unit area of Earth's surface (initial total: 1.639 X 10'6 kg). Total energy variations
are shown as deviations from the initial value (2.479 x 10? J), normalized by the maximum kinetic energy (4.030 x 10% J)
reached during the simulation. The discrete steps in the 32-bit total energy plot are artifacts of finite-precision arithmetic, not
physical model processes.

7.1. Weak Scaling

Weak scaling refers to the model's ability to maintain constant time per model timestep as the resolution is refined
and the processor count is increased in proportion to the problem size. To examine weak scaling, we refine the

horizontal resolution from éx ~ 103 km (N, = 30)to dx = 6 km (N, = 480) by increasing N, by factors of ~ \/5
(N, = 30, 42, 60, 84, 120, 170, 240, 340, 480) while doubling the processor count at each resolution increment.
An integration time of one day (14,400 steps of 6 s) is used to estimate the time per model timestep for GPU
simulations, and a minimum of 1,024 timesteps is used to estimate the time per model timestep for the CPU weak
scaling runs. Perfect weak scaling would imply that the time per model timestep remains constant as the resolution

is refined and the processor count increases like (éx)_z.

Figure 12 shows the scaling results. We observe excellent weak scaling efficiencies, above 92% on the GPUs and
above 98% on the CPUs, for the range of resolutions and process counts explored in our study. On GPUs, the time
per timestep stays near its 1-GPU value of 223 ms at all resolutions, demonstrating the model's capability to
efficiently handle increasing problem sizes with proportionally larger computational resources.
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Figure 10. Horizontal (left) and vertical (right) velocity components in flow over a 25 m Schir mountain with 64-bit floating-
point precision. (first row) Numerical simulation after 2 days of periodic flow. (second row) First-order, steady-state
analytical solution. (third row) Difference between numerical simulation and analytical solution. All panels share the same
spatial axes.

7.2. Strong Scaling

Strong scaling refers to the model's ability to reduce the time-to-solution as the number of processors is increased
for a fixed problem size. To examine strong scaling, we increase the number of processors for several fixed
resolutions dx from 6 km (N, = 480) to 103 km (N, = 30) and determine the time-to-solution in SYPD. The
timestep &t is reduced roughly (but not exactly) like N, to satisfy Courant-Friedrichs-Lewy (CFL) bounds; we
use 6t = 200 s,100 5,40 s,15 s,and 6 s for N, = 30,60, 120,240, and 480. (The CFL bounds depend on the
minimum distance between nodal points of the SEM method, which scales with N for an equiangular cubed
sphere, like the average grid spacing (Equation 135). However, stability of the simulations required somewhat
shorter timesteps than implied by this scaling at high resolution.) The hyperdiffusivity is likewise reduced as the
resolution increases, scaling like N;3, as in P. H. Lauritzen et al. (2018). Each simulation is run for 1 simulated
day on the GPUs. Since the time-to-solution is longer on CPUs, the integration times for estimating SYPD range
from 1 day to a few minutes (= 16 steps) for the highest-resolution simulations running on single nodes.

Figure 13 shows the strong scaling results. For GPUs, there is an efficient strong scaling regime whose width
increases as the resolution is refined, with scaling efficiencies above 95% achieved when there are 25400 spectral
elements per GPU. Below this threshold, the arithmetic intensity per GPU becomes small enough that
communication costs begin to dominate. The figure compares scaling behavior on NVIDIA A100 GPUs on
NCAR's Derecho supercomputer and on H100 GPUs on GCP. The differences in raw hardware capabilities are
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Schir mountain with varying mountain heights. Each average is computed over all points below the sponge layer.

apparent in the higher SYPD of the H100s at low GPU counts. However, the Derecho system's interconnect and
configuration offer greater scaling efficiency, with SYPD on multiple A100s matching or outperforming the GCP
H100s at sufficiently high GPU counts for each horizontal resolution down to 13 km. (Precise tuning and
configuration of virtual machines on GCP may yield higher scaling efficiencies but is beyond the scope of the
current scaling evaluation.)

The results show that simulations at moderately high resolutions (25-50 km) for the standards of climate models
are feasible at >1 SYPD throughput on a dozen or a few dozen GPUs. Such compute resources, routinely
available from cloud providers such as GCP, open up access to high-resolution atmosphere modeling to a broader
range of users than those with access to supercomputing facilities. Extrapolating the scaling results also shows
that simulations with around 10 km resolution at >1 SYPD are feasible on high-performance computing facilities
with hundreds to thousands of GPUs. Although our primary focus is on GPU platforms, we also achieve good
strong scaling efficiencies on CPUs up to 16 nodes (with 16 ranks per node), with efficiencies of about 80% for the
highest-resolution runs.

7.3. Absolute Performance and Intercomparison

To place our results in the context of the field, we compare the absolute performance of the CliMA dynamical core
with other state-of-the-art models.
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Figure 12. Time per model timestep versus number of GPUs (left) and CPUs (right) for different horizontal resolutions. The
GPUs are NVIDIA A100 GPUs, and the CPUs are Intel Icelake 8352Y processors. We use 16 MPI ranks per CPU node.
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differences in resolution (a factor of ~2, implying a factor of ~8 in
computational cost), hardware (1536 previous-generation A100s vs. 256

T T T T - H 1
2 64 128 2% 512 current-generation H100s), and dynamical core formulation, the performance

Numberof GPUs of the two models is broadly comparable, demonstrating the competitiveness

of our Julia-based framework.

SYPD

1072 -

10—3 -

103 km

26 km

Another relevant benchmark is the Python-based Pace model, which, like our
model, is written in a high-level language to achieve performance portability
and the ability to incorporate machine learning components. Dahm
et al. (2023) report a time per timestep of 3.98 s for their dynamical core (a
reimplementation of GFDL's FV3) at approximately 50 km resolution on 6
NVIDIA P100 GPUs. For comparison, our dynamical core (including
1-moment microphysics) achieves a time per timestep of approximately
0.22 s at a similar 51-km resolution on 4 A100 GPUs (Figure 12). While a
direct comparison is challenging due to the substantial differences in hard-

10+

Figure 13. SYPD versus number of GPUs (top) and CPUs (bottom) for
different horizontal resolutions when running the moist baroclinic wave
benchmark. The GPU scaling runs were carried out on Google Cloud

16

64 158 2'56 ware generation (P100 vs. A100), GPU count (6 vs. 4), and dynamical core

Numberof CPUs configuration, the results strongly highlight the performance of our Julia-

based implementation, which achieves a nearly order-of-magnitude faster
time per timestep. This demonstrates that a modern high-level language such
as Julia, when coupled with an appropriate performance-portability frame-

Platform NVIDIA H100's (solid lines) and NCAR Derecho NVIDIA A100's work, can deliver performance competitive with or superior to traditional
(dashed lines). The CPU scaling runs were carried out at Caltech's Resnick low-level languages on GPU architectures.

High Performance Computing Center.

7.4. Performance Considerations

Within each timestep, performance is governed by the speed of kernel

execution and the number of kernel launches. To maximize kernel speed, we
parallelize pointwise and finite difference kernels so that each nodal point value is evaluated in a separate GPU
thread, and we parallelize SEM operations so that each horizontal slice is evaluated in a separate thread. We also
organize our data in global memory so that more frequent operations only read from nearby memory locations
(Appendix F).

The Julia programming language offers syntactic support for inline fusion of array operations, which we extend to
non-local operators such as vertical/horizontal derivatives, and we generalize this functionality to allow fusion
across multiple functions. This allows us to have fewer separate kernel launches, reducing the number of
expensive loads from global memory. However, overly aggressive fusion can lead to register spillover and
running out of shared memory. We are currently exploring memory footprint reduction and heuristics for
determining optimal kernel fusion to improve computational performance further.

8. Conclusions

We have presented the nonhydrostatic dynamical core of the CliMA atmosphere model. While individual
components of this dynamical core are inspired by prior work—such as the use of horizontal spectral elements
also found in the Community Atmosphere Model (CAM) and the Energy Exascale Earth System Model (E3SM)
(Guba et al., 2014; P. H. Lauritzen et al., 2018; M. A. Taylor & Fournier, 2010; M. A. Taylor et al., 2020; M.
Taylor et al., 2023) or a focus on energy conservation that is also central to the Nonhydrostatic Icosahedral
Atmospheric Model (NICAM) (Satoh, 2003; Satoh et al., 2008)—our framework presents a novel synthesis.
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In contrast to models that use dry internal energy or potential temperature as a prognostic variable, our choice of
moist total energy enables the exact conservation of total energy, mass, and water simultaneously. This property
holds under fully moist dynamics, even with subgrid-scale parameterizations such as hyperdiffusion, complex
topography, and in a deep atmosphere, thereby overcoming many of the energy conservation challenges and the
need for ad-hoc fixers detailed in P. H. Lauritzen et al. (2022). This is achieved through the combination of our
consistent thermodynamic framework (Section 2) and hybrid discretization (Section 5 and Appendices). This
choice prioritizes the conservation of total energy, which is fundamental for preventing climate drift. The trade-
off is that other quantities, such as potential temperature, are not explicitly materially conserved. We consider this
advantageous, as potential temperature is not physically conserved under the moist, diabatic conditions of the real
atmosphere.

The conservation properties are achieved by using a consistent moist thermodynamic framework and specific
total energy as a prognostic variable, along with a combination of a spectral element discretization in the hori-
zontal and finite differences on a staggered grid in the vertical. To make the numerical methods conservative, we
employed carefully chosen reconstructions of quantities at vertical grid faces and centers. The choice of gov-
erning equations and discretization strategy also ensures that the model achieves the chosen order of accuracy
(e.g., 3rd order in the horizontal) even in the presence of moist processes and complex topography. Implicit
timestepping of fast vertical terms removes timestep limitations from fast vertical dynamics and renders the
horizontal propagation of sound waves as the limiting factor for the length of timesteps.

Benchmark tests showed the fidelity of the numerical simulations and demonstrated the conservation properties in
practice. They also demonstrated the scalability and performance portability of the dynamical core on CPU and
GPU platforms, including cloud GPUs. In particular, the GPU performance is of importance for the practical
usability of the model for advancing fundamental climate science and climate modeling, as it enables atmosphere
simulations at 25-50 km resolutions at throughputs of >1 SYPD on a few dozen GPUs, which are routinely
available even in smaller-scale compute centers and from cloud providers. This opens higher-resolution atmo-
sphere modeling both to the broader scientific community that can access modest-size GPU resources and to the
generation of large ensembles of atmosphere simulations, for example, for climate risk assessments (Schneider
et al., 2023).

The dynamical core is written in the high-level Julia language, which is performance portable and facilitates
integration and possible online training of machine-learning components (e.g., Charbonneau et al., 2025;
Christopoulos et al., 2024). This is achieved using gradient-free methods, which do not require the model to be
backwards-differentiable and are well-suited for learning from the noisy statistics of turbulent flows (e.g., Dunbar
et al., 2022; Huang, Huang, et al., 2022; Huang, Schneider, & Stuart, 2022; Kovachki & Stuart, 2019; Schneider
et al., 2017; Schneider et al., 2023). While not required by our current methods, the model's implementation in
Julia makes it amenable to automatic differentiation, providing a promising avenue for future work with gradient-
based approaches. Subsequent companion papers will describe parameterizations used in the atmosphere model,
including some incorporating machine-learning components.

The dynamical core presented here provides a robust and computationally efficient foundation for a new gen-
eration of atmosphere models. The successful validation of the core is the first step in a broader research program.
Future work will proceed along several avenues:

¢ We have coupled the dynamical core with a comprehensive suite of physical parameterizations and are in the
process of demonstrating the scientific fidelity of the resulting atmosphere model in long-term climate sim-
ulations, which will be the subject of forthcoming companion papers.

¢ To fully realize the model's versatility from global climate down to meter-scale large-eddy simulations, future
development will target the implementation of fully implicit timestepping schemes. This will overcome the
horizontal Courant number limitations of the current HEVI scheme and enable the efficient simulation of
turbulent flows at very high resolutions.

¢ The model's implementation in Julia offers unique opportunities for novel scientific workflows. While our
current machine learning integration relies on gradient-free methods, the framework's amenability to auto-
matic differentiation provides a promising avenue for future exploration of gradient-based learning ap-
proaches for parameterization development.
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Appendix A: Reference Temperature Invariance

The physics of the model must be independent of the arbitrary reference temperature 7. A shift in the reference
temperature, Ty — Ty = T, + T, requires a commensurate shift in the reference latent heats consistent with
Kirchhoff's Law (Equation 7), for example, L,o — Ly = L,o + (¢, — ¢,)8T, and similarly for reference
internal energies of phase changes. With these consistent definitions, it follows that under a reference temperature
shift, the specific internal energies (/,) and specific enthalpies (%,) of each constituent u transform by subtracting

a constant offset, C u

L, —>1,=1,-C, (AI)
hy, — h;’4 =h, - C, (A2)

Crucially, while the offset for dry air (4 = d) is distinct, the offsets for all three water species—vapor (v), liquid
(1), and ice (i)—are identical:
Cq = cpadTy, (A3)
Cv = Cl = Ci = cp15T0 = Cwater' (A4)

This property is the key to the invariance of the governing equations.

Al. Invariance of the Governing Equations

The total energy Equation 26c is a conservation law for the specific total energy
et = 2. WIuly + @ + K + Kggs. Under the reference temperature shift, the specific total energy and total

enthalpy transform as:

Cot e(ot = €t — z du C/u (AS)
H

Iy = h(ol = Iy — z qyu C/x' (A6)
u

The total energy equation involves advective and sedimentation fluxes of total enthalpy, as well as a subgrid-scale
(SGS) diffusive flux of total enthalpy, F,. As established in Section 3.3, the transformation of this flux under a

shift in Ty is given by the enthalpy carried by the SGS water fluxes, 5(F;) = =, C, T;”. To demonstrate

uef{v,Li}
invariance, we must show that the additional terms generated in the total energy equation by the transformation of

all its components sum to zero.

Summing all extra terms generated in the total energy equation—from the time derivative, advection, sedi-
mentation, and SGS fluxes—yields the requirement that

S, a(;;?,,) + V- (pgu(u —w,k)) + V- 0F,) | =0, (A7)
u

where we have omitted the hyperdiffusive fluxes for notational convenience (they do not break the invariance).
The expression in the brackets is the mass conservation equation for constituent y. This sum is zero for both the
dry air and water components. For dry air (4 = d), the sedimentation velocity w, and SGS flux F,, are zero by
definition, and the bracketed term vanishes by dry-air mass conservation. For the water phases (u € {v,1,i}), the
offset C, = Cyuer 1 identical for all species and can be factored out of the sum. The remaining sum over the
bracketed terms,
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0 A
Z (/;—?”)+V~(pqﬂ(u—wﬂk))+v-(pft}u) R (A8)

pedv,Li}

is equivalent to the total water conservation law (Equation 26d), using the definitions g, = ZM e
W, = Zﬂe i duWe and By = ZHE{V’“} F,,- Since the total water conservation law has no physical source

terms, Equation A8 is zero (up to the omitted hyperdiffusion terms). Thus, the contributions from both dry air and
water vanish, and the governing equations are invariant to the choice of T.

A2. Invariance of Surface Boundary Conditions

The physical evolution of the model must be independent of the arbitrary reference temperature Ty. A shift in this
reference temperature, Ty — T = Ty + 6T, induces a redefinition of the prognostic total energy variable,
Cop = Clop = €t — 2, 24y Cy- For the model to produce a physically invariant solution while prognosing this
numerically different quantity, the boundary fluxes for total enthalpy must transform in a compensating manner.
This section demonstrates that the model's formulation for the total non-radiative surface energy flux possesses
the required transformation property.

The total parameterized non-radiative energy flux from the surface into the atmosphere, denoted Fyuram,tor> 18
composed of the upward turbulent enthalpy flux, EF, and the downward enthalpy flux carried by precipita-
tion, Forecip®

Fparam,lot =EF - Fprecip~ (A9)

The precipitation flux is the sum of the total enthalpies carried by liquid and ice precipitation,
Forecip = Pilyoyy + Pilyoi- To prove invariance, we analyze the transformation of each component under a T

shift.

The transformation of the turbulent flux, 6(EF), is derived from its decomposition into sensible and latent heat
fluxes, EF = SHF + LHF. The transformation of the latent heat flux is:

S(LHF) = 8(LyoE) = ES(Ly0) = E(¢py — cp)5T. (A10)

The sensible heat flux is defined as the sum of the thermal diffusion flux and the static energy carried by
evaporation, SHF = —p . g,A;(s;) + E-(h, + ® — L, ). Its transformation is the sum of the transformations
of its components. The thermal diffusion term is invariant, as 6(A,(sy)) = A (6(hy)) = Ay(—C,) = 0. The
transformation of the advected static energy is:

é(E . (hv +®— LV,O)) =E- (5(11») - 5(LV,0)) =E- (_Cwater - (va - cpl)aTO) = —EvaaTo. (Al 1)

Thus, §(SHF) = —Ec,,6T,. Combining the transformations, the total transformation for the turbulent compo-
nent is:

8(EF) = 8(SHF) + 8(LHF) = —Ec,,,6T + E(c,, — ¢,))0Ty = —Ec,6T¢ = —ECyyer (A12)

The transformation of the precipitation flux, §(Fyrecip)» follows from the transformation of the liquid and ice total
enthalpies’ 6(h1m,l) = 6(ht0t,i) = _Cwater:

5(Fprecip) = Plé(hlol,l) + Pié(hlol,i) = _(Pl + Pi) Cwaler~ (A13)
Combining these results, the transformation of the total parameterized surface energy flux is

6(Fparam,tot) = 8(EF) — 6(Fprecip) = —ECyyer — Py + P;) Cyyer) = —(E — P — P;) Cyppeer- (A14)
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This result is physically consistent. The change in the boundary flux must balance the change in the tendency of
the atmosphere's total energy content. The change in the total energy contentis AE,,, = —fpY. .9uCudV. Since

dry air mass is conserved, the change in the tendency is driven only by the change in total water mass:

d(AEym) _

-C dM, f,atm
dr - water

dt

= _Cwater/ (E_ PI - Pt)dA (Als)
A

The global integral of our derived flux transformation, J; 6(Fyaram,10t) @A, is identical to this required change in the
energy tendency. This demonstrates that the model's formulation of the complete surface energy exchange is
consistent: the parameterized fluxes correctly track the redefinition of physical energy under a shift in reference
temperature, ensuring the overall prognostic system remains physically invariant.

Appendix B: Stretched Terrain-Following Coordinates

The generalized vertical coordinate & is obtained by a sequence of transformations, which include topographic
smoothing, introduction of a terrain-following coordinate #, and stretching of 5 to the generalized coordinate £,
which, when uniformly discretized, achieves finer resolution near the surface than aloft.

B1. Topography Smoothing

To avoid generating spurious grid-scale noise (P. Lauritzen et al., 2015), we smooth surface topography z,(4, )
(longitude 4 and latitude ¢) by “evolving” it according to the diffusion equation

0z
a_; = VlopAhzss (Bl)

using the diffusivity v, = C,,((Sx)z/ét, where 6x is the SEM resolution, &t is the timestep, and C, <0.5 is a
Courant number (default value C, = 0.05). For an attenuation of topography at the smallest resolved scale
(~1/6x) by a factor n, (default value n, =5), topography needs to diffuse over an interval
(AD)yp = [In(n,)/ C,15t. We use the SEM and the forward Euler method to discretize the diffusion equation as

T2y, = 12, + 6t ywpp( AhIzS>, (B2)

where Iz, is the nodal point interpolation of z,, A, is the mixed formulation of the horizontal Laplacian, and P is
the DSS operator, whose weights can be simplified to avoid requiring the value of z; (Appendix D).

The result is a smoothed topography Z,(4, ¢) for defining terrain-following coordinates. However, for the smooth
topography examples in this paper, additional topographic smoothing is unnecessary and is not used.

B2. Terrain-Following Coordinates

We introduce a nondimensional terrain-following coordinate #, with # = 0 at the surface at the smoothed
elevationz = Z,(4,¢) andn = 1 at the top of the model domain at a constant altitude z = z,. Established choices
of terrain-following coordinates in the CliMA model include:

B2.1. Linearly Attenuating Vertical Coordinate

Gal-Chen and Somerville (1975) offered a simple choice of a terrain-following coordinate,
2, .n) =nz; + (1 = )24 ), (B3)

in which the effect of topography on the vertical coordinate attenuates linearly with altitude.
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To ensure horizontal coordinate surfaces above a chosen nondimensional height #,, a modified version is used
(Doms & Baldauf, 2018):

nz + 2. @)my —n)/my - i O<n<n,
24 @.n) = , (B4)
nz, if g, <n<L

Setting 1, = 1 recovers the original formulation (Equation B3). A suitable value for atmosphere models is
n, = 35 km/z (e.g., 7, = 0.58 for a model top at z; = 60 km), yielding horizontal coordinate surfaces in the
stratosphere.

B2.2. Smooth-Level Vertical Coordinate (SLEVE)

Schir et al. (2002) proposed a smoother, multiscale terrain-following coordinate, which we present here in a
single-scale version with vanishing warping above 7, (Doms & Baldauf, 2018):

. sinh [ (1, — 1)/(s14)]
o) = {1 t4de) sinh (1/s)

nz ifg, <p<l.

it 0<n<ny, (BS)

The nondimensional parameter s determines the decay scale sz, over which topographic influence diminishes. A
suitable choice is s = 15 km/z, (e.g., s = 0.5 for a model domain with z;, = 30 km). A consistent choice of
where coordinate surfaces flatten then is 7, ~ 3s. For the coordinate to be well defined (z must increase
monotonically with ), it is essential that s is sufficiently large.

While multiscale extensions of SLEVE exist (J. B. Klemp, 2011; Leuenberger et al., 2010; Schir et al., 2002),
which may be advantageous in high-resolution models, they are not currently used in the CliMA model.

B3. Vertical Coordinate Stretching

In addition to warping coordinate surfaces over topography, we enhance vertical resolution near the surface
through stretching. We introduce a non-dimensional stretched vertical coordinate &, which, when uniformly
discretized, achieves finer resolution near the surface. We choose & € [0,N, ], so that 68 = 1 is the uniform grid
spacing for N, vertical layers.

The stretching function is a hyperbolic tangent,

1 tanh [}/(1 - 53/N‘,)]

tanh (y) ’ (B6)

n=

which monotonically maps & € [0,N,] = 5 € [0,1]. The stretching parameter y controls the degree of
refinement; higher values yield finer near-surface resolution.

The stretching parameter y is chosen to achieve a given resolution dz|, at a flat surface. With N, vertical layer
centers, y is obtained by iteratively solving
0z, tanh[y(1 — 1/N,
LL = 6’7|s =1- an [}/( / v)] , (B7)
% tanh (y)
where 8&% = 1 corresponds to the level spacing in the stretched vertical coordinate. For the baroclinic wave
benchmarks in this paper, we use z;, = 30 km, N, = 43 and a target 6z|, = 30 m, which yields y = 2.8. This
results in a smooth transition of resolution from 30 m near the surface to 1 km at 9 km altitude, asymptoting to
2 km near the model top. (For our default atmosphere model configuration, to be described in a follow-on paper,
we use higher vertical resolution.)
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The parameters controlling vertical stretching (e.g., y, N,) and terrain-following warping (e.g., s, 7,,) must be
carefully chosen to ensure the vertical coordinate remains monotonic (6z[; > 0), even over the highest topographic
features where coordinate layers are most compressed.

Appendix C: GLL Quadrature and Lagrange Polynomials

The SEM horizontal discretization is defined in terms of the GLL quadrature points,
eft] (1= Py =0} (@)

where PNP((:) is the Legendre polynomial of order N,, and Pz/v,, (&) is its derivative. The set of Lagrange poly-
nomials through any N, + 1 points constitutes a basis for the space of all polynomials of order N,. We use
Lagrange polynomials through the N, + 1 GLL points, where the n-th Lagrange polynomial is

N — ZN
=11 L ©
m;én
This satisfies the orthogonality relation
L, (&) =3y, (€3)
and its derivative at each GLL point is
1
—ZN,,(N,,+1) ifn=mandn =1,
0 ifn:mand25n§Np,
n P _J1
B, ) =1 8,0, + 1) ifn=mandn=N,+1, (&)
1 Pyy) .
&y, — v, Py(y,)

We can exactly integrate any polynomial F({) with a highest order no greater than 2N, — 1 over the interval
[-1,1] using the quadrature rule

1 1 /Ny+l1 N,+1
f FQd¢ = f (Z 1, (OF(E,) )dc Z Wi, (&) ()
-1 -1

where the weights are given by

2
| N,(N, + 1)
= [ B ) ©s)

) if2<n <N,
N,(N, + 1)PN”(4’]VP)

ifn:lorn:Np+1,

For higher-order polynomial functions, the quadrature rule can also be applied, leading to an approximate
orthogonality relation for inner products of Lagrange polynomials,
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N, +1 N, +1
f 1, (O, () d¢ z Wi, 14, ()2 (8L = 2 i, 88, =, ©

With this integrand of order 2N, the quadrature error is bounded by

(N + 1)22N,+1(

n n(N) m (V)
wh, & — Ly (OLY L , C8
2,6 / O O] <] R oA )
where L&(NP) denotes the N,-th derivative
PRCIANTYRN, | g (c9)
" =—
! m=1 411’\’ éﬂl,,
m#n

We typically set N, = 3, in which case this error bound is on the order of 1074,

Appendix D: Discrete Metric Terms

We express the radial unit vector k= k& + IAcy y + IAczﬁ, where Z is aligned with the planetary spin axis, using
generalized spherical coordinates as (4, @, 1), with longitude 4 = arctan(lAc " l}x) and latitude ¢ = arcsin IAcz. Then,
we can write the horizontal unit basis vectors as

A=23+ 2,9+ 2.2=—(sin D) + (cos 13, (Dla)
Q= ¢ 2+ .3+ @2 = —(cos 2)(sin )% — (sin A)(sin @) + (cos p)Z, (D1b)

so that the horizontal metric Jacobian at r = Rk becomes

ok, ok,
oe' o0&
thallow(§1’§2;nh)=R(ix ’}v /Alz] ka Lk; (D2)
& @y @ )| 0 0L
ok, ok.
PR

The derivatives of k are obtained through automatic differentiation of cubed sphere mesh coordinates. In the
shallow-atmosphere approximation, this horizontal metric Jacobian is used at all points, and the planetary angular

velocity is additionally replaced by its local vertical projection Q ~ (Q sin qo)lAc, where Q denotes the planetary
rotation frequency. In a deep atmosphere, we use the full angular velocity @ = QZ and the exact horizontal

metric Jacobian at r = rk,
55p(§1 52 53 nhsnv) - _r(gl 52 53 nh’nV)Jihﬂllow(él’52;nh). (D3)

In a box domain, where the horizontal unit basis vectors are X and y, we define the horizontal metric Jacobian at
r=xx+yy+ zZas
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Lo
T )= (D4)
0 —_—
9,

with the derivatives of x and y specified as constant grid parameters. In general, the horizontal metric determinant

is given by
ok _ ok
2 — X in a shallow atmosphere,
o0& o0&
ok _ ok
Jy=detJ, =1,2 X5 in a deep atmosphere, (D5)

o0& o0&

dx dy .

— 3 in a box.

o0& 0é

The full metric Jacobian is defined in terms of the J;, components as

LU0
21 22
J@ 28 mn) = S0 (D6)
9 0 %
&t 982 o

We compute the derivatives of z using discrete approximations, calculating horizontal derivatives of z using the
strong SEM formulation and the vertical derivative using finite differences, with one-sided differences on
boundary faces:

£ n, =1,
0z f
T3 = Zfl, _Zz,—l ZSnv Sst (D7)
653 v v
n, . .
Z}Vvﬂ - z}\,v n,=N,+ 1.

. . . . i -1
The covariant and contravariant representations of the metric tensor are g; = J'J and g/ = (g,-j) , and the
metric determinant is

0z

J=detJ =/ .
hagg,

(D8)

Because the GLL weights w}, , the vertical derivative 02/053, and the radial distance r are all continuous across
r

element boundaries, we can express the DSS operator as

Pay)[r(Cy Oy Esmen)l = 2 WG Esmun )i, o (€8 E). (D9)

b
(mymymy)EC,"™

0

where the continuity of w;'v‘p Wy, 0z/0& and r* simplifies the DSS weights from normalized volume elements 5V to

normalized horizontal metric determinants Jj,, with only the shallow-atmosphere determinant required on a
sphere:

YATUNIN ET AL.

48 of 60

85UB017 SUOWIWIOD 3A 181D 3|qeotjdde ayy Aq peuenob ae ssjoiie VO 85N JO S9N 104 AReidT8UIIUO AB]IM UO (SUONIPUOD-PU-SWRI ALY A8 | 1M ARe.d jpulUo//Sdny) SUoRIpuoD pue swiia 1 8y} 8ss *[9202/0/60] Uo AreigiTauliuo A(IM ‘(uleAnde T) agnopeay Aq £T0S00S NGZ0Z/620T 0T/I0p/woo A3 1mAtelq1jeuluo'sgndnBe//:sdny wiouy pepeojumod ‘€ ‘9202 ‘99vZZr6T



V od |
AGU

ADVANCING EARTH
AND SPACE SCIENCES

Journal of Advances in Modeling Earth Systems 10.1029/2025MS005014

Jshallow/box (é}[’\/ Z’V ; nh)
Z Jshallow/box (éj"l , éj" mh)

(ml,mz,mh)ec’éh' "

Wy, &y, E5mn) =

(D10)

Unlike the vertical derivatives, the horizontal derivatives of f and z are discontinuous across element boundaries,
so we must apply P after all operations involving J and g before we can horizontally differentiate the results of
those operations.

Appendix E: Discrete Conservation Properties

We approximate integrals over the full domain Q as

N, N Nptl
/w Wrs09=3 3 8 oV @) (E1a)
fg y'av ~ gh(y') = Z:l Z_l pZ_ SV, (G- sm) + oV, 1 Gy Sy sm)ls (E1b)

which can be decomposed into horizontal and vertical inner products,

N, N+l
c _ _ c
o) = Z c¢Qh(z )(1 ye) = mZ_l nl%_l JQ @ .22m )(1,1// ), (E2a)
f(f ol
o) = le[yszh(ow(l W)+ o,y (Lw)]
=
(E2b)
N, N,+1
= gt RV
n;,z—l ny %—l @ (é}lN ’C;’V n;,)( )
The horizontal inner product satisfies a discrete divergence theorem,
Jgh(lw, \/ Iu) + Io,(Tu, V,1y) =0, (E3a)
Io,(Iy, V), - Tu) + Iq (Iu,V,Iy) =0, (E3b)
and a discrete Stokes theorem,
th(Iu, vh X IV) - ygh(lv, Vh X Iu) =O, (E4)
as well as a higher-order identity for the Laplacian operator,
Sa,(I¢. Ay Iy) — So,(Ty, A1) =0, (ESa)
Io,(Tu, AyIv) — Iq, (Iv, Ay Iu) =0. (E5b)
The vertical inner product also satisfies a discrete divergence theorem,
I WV, u) + 7 (0. V. p) = wy, ("‘35V)§\/‘,+1 -y (u36V)§, (E6a)
o, WV, u) + 75 (S, V) =yl (86V)y —wi 8V, (E6b)
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and a discrete Stokes' theorem,
75, WV, xv") = g4, (V. V, xu®) = W[(uz)f\,‘_ Dt — @O, 2 41 = @2 )] + () () ] (E7a)
o, (@ V, xv) = 75 (. V, xu') = y‘v[(uz)ﬁ,‘_ﬂ(vl);‘vv = )y 41 2y, — W) (1§ + ()} (vz)j], (E7b)

with W = §V/J denoting the product of GLL weights.

With zero-flux boundary conditions at the top and bottom faces, the divergence theorem guarantees that the
advective tendency

(0¥ laay) = =V (pyu") =V, - (oyu™)’ (ES)

does not contribute to the integral of py,

0551w Ny = =3 S, 1T (o | = 3 75 [ 19, oy | =0, (E9)

N1y 51

This means that all scalar prognostic variables—air mass, total energy, and tracers—are conserved by advection.

Similarly, Stokes' theorem guarantees that the advective tendency of vertical vorticity,
(()t(nvludv)C = 6h X (atuh|adv)c’ (EIO)

does not contribute to the integral of w:

0,:75[(0°) laay = D o[ (€3)°, Vi X (9,14]44,)°] = 0. (E11)

nV

The same is true for the advective tendency of horizontal vorticity,
f f
(atwh|adv) = Vh X (atuvladv) + Vv X (atuh|adv)c’ (E]Z)

up to boundary terms associated with the vertical curl operator. For example, the integral of @' can be
expressed as

0,95|(@) |l = 2 70 T x k) [+ X #h [0V, % (Ot )]

RO

e e (E13)
_ (¢?) c (¢*) ¢
= Yo, (4 1) T?(atu”adv) — Yo, (5N,) T?(atu”adv) .
The advective tendency of kinetic energy is given by
c c \° v £\¢
(9klaay)” = (”h : aTuh'adv)C + (gm"h)c ) <(aqu|adv) > + <( w0ty ogy) > : (E14)
The corresponding density-weighted tendency can be expressed as
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(0Klaay)” = (K0ipligy)” + (POKlaa )’ (E15)
= —(Dipx)” = (Dipx)” = (Dyx) = (DY pr)’,
with the contributions from kinetic energy and vorticity split into the horizontal and vertical terms
(Dipx)" = &9, - (pu")" + (pu") -V, (E16a)
(Dypx)" = KV, - (o) + (pg""wn)” - (Vi) + (8", - Vi), (E16b)
(Dipx)’ = (pu") - [(@" xu’) | + (pg"my)" - (@ x u")')*
+08{(g"u,) - (0 x )Y, (El6¢c)
(l)‘;’pk)C = (puh)C (w¥ x uh)C =0, (El16d)
where the last term is 0 because ” is orthogonal to @’ X u”. By the horizontal divergence theorem, the first term
integrates to 0,
S5 = X S [, T (oY | + 3 7 [ (o) V| =0, (E17)
n, n,
Given the weighted reconstruction of (#*)" from (u,)° and (u,)’, averaging by parts and the vertical divergence
theorem ensure that the second term integrates to 0,
Zl@) ] = 3 A [V o) [+ 3 5 (g ) V)]
LWEOTL) sty sy
f C
Y o5 (@ w) V) |
s (E18)
= Z I [K‘C, V,- (pu")f] + z g5 [(pu")f, V‘)K‘c]
RO ' sty sy '
=0
Given that (uh)f is reconstructed with an unweighted average of (uh)c, averaging by parts and the triple product
identity also imply that
. . fle
25l @] = X 74 | [@" xu)' ]
5Ty
. f
£ 3 5 [lor" ) (@ x|
sty iy
. f\c
+ 2 s @ x|
mn (" ) (E19)
f f , f
= 3 A @ xw) |+ X A o) @ xut)]
Ny 1 Ny, 1
f f f f
= X A @ x|+ X A (e @ xw)]
Ny Ny ,np Ny Ny ,ny
= 0.
This shows that the advective tendency does not contribute to the density-weighted integral of kinetic energy:
YATUNIN ET AL. 51 of 60

85UB017 SUOWIWIOD 3A 181D 3|qeotjdde ayy Aq peuenob ae ssjoiie VO 85N JO S9N 104 AReidT8UIIUO AB]IM UO (SUONIPUOD-PU-SWRI ALY A8 | 1M ARe.d jpulUo//Sdny) SUoRIpuoD pue swiia 1 8y} 8ss *[9202/0/60] Uo AreigiTauliuo A(IM ‘(uleAnde T) agnopeay Aq £T0S00S NGZ0Z/620T 0T/I0p/woo A3 1mAtelq1jeuluo'sgndnBe//:sdny wiouy pepeojumod ‘€ ‘9202 ‘99vZZr6T



NI

ADVANCING EARTH
AND SPACE SCIENCES

Journal of Advances in Modeling Earth Systems 10.1029/2025MS005014

0,75 [(P) ey = — 5[(D2pk)c + (D’V‘,olc)C + ( Z’pk)C + (D‘V"pk)c] =0. (E20)

Therefore, in the absence of pressure gradients and sources/sinks, kinetic energy is conserved. Since total energy
is also conserved, this implies that the sum of internal, potential, and latent energies is also separately conserved in
the absence of pressure gradients and sources/sinks. As a consequence, the conversions between kinetic and
internal/potential/latent energy due to pressure gradient-velocity correlations are accurately represented, even in
the presence of moist processes.

Although the conservation of scalars and vorticity is a direct consequence of how we construct our spatial dis-
cretization and use weak horizontal derivatives, the conservation of kinetic energy relies on three additional
properties of our reconstruction:

1. V. (puh)C and Vk© are computed with different horizontal derivatives,
2. () and (")’ are computed with different vertical averages,
3. (@" x u")" and (uh)' are computed with different vertical averages.

Since the conservation of each scalar py requires a weak horizontal derivative in the divergence V - (py/uh)c, the
first property implies that a strong horizontal derivative is needed in V«°. But the remaining two properties do not
constrain which vertical averages should be used for specific terms, so our reconstruction is not necessarily

unique. For example, an alternative reconstruction that uses an unweighted average to compute (a)” X uV)c and a

weighted average to compute (u")f has exactly the same conservation properties as ours. However, that particular
reconstruction is unstable with our spatial and temporal discretizations, generating spurious vertical modes, even
though similar reconstructions have been shown to be stable with other discretizations (M. A. Taylor et al., 2020).
So, despite the fact that our reconstruction is stable for many configurations, changing any part of our dis-
cretization may require swapping weighted and unweighted averages to preserve stability.

Appendix F: Block Vector Representation

Interpolations of scalar fields are implemented as block vectors,

' € RMH QRN QRN QRN (Fla)
l[/c = RM ®RN,,+I®RN,,+1®RN11’ (Flb)

with the full atmospheric state given by

C

p
(pei)”
(par)
Y=|(pg}) | (F2)
(px)*
(uy)*
@)

Non-scalar fields are represented using an additional block axis to store vector/tensor components. The order of
block axes prioritizes operations as follows:

1. Vertical interpolations and derivatives,
2. Horizontal derivatives,
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(&)

Figure F1. Panels of the cubed sphere with elements connected by a Hilbert space-filling curve.

3. Horizontal DSS.

This reflects how many operations of each type we perform—aside from pointwise computations, vertical in-
terpolations and derivatives are our most common type of operation, while DSS is the least common. Operations
along the first few axes of block vectors tend to be fastest because they operate on adjacent areas of memory. The
last block axis represents the horizontal element index »;, and corresponds to two spatial dimensions. These are
mapped to one dimension while approximately preserving locality by ordering the values of n;, along a generalized
Hilbert space-filling curve, which, unlike traditional Hilbert curves, does not require the number of elements along
each side to be a power of 2 (Cerveny, 2024). For simulations in a spherical shell, 6 connected space-filling curves
are generated on panels of the cubed sphere (S2 Geometry Library, 2024), as shown in Figure F1.

Appendix G: Implicit Solver

Using the block vector representation of the atmospheric state (Equation F2), we can express the implicit ten-
dency as

T'(Y) = Ty, (Y) + T(Y), G1)
with an advective component
v Av\qf
=V [p(w" = Wy k)]

-V, [p(htoluv -W, i‘)]f

—V, - [p(gu’ = W, i)'

Tl (Y, = oy — e i | G2
a(Y>1) —V, - [pgt (@ = wik")] (G2)

Avyqf

=V [ox(u” = w, b )]

0
- [vac]/p/‘ - VV(DC
and a diffusive/damping component
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- Vv : [pfl‘;;m]f
-V, [P T;‘:]f
—v, - [pF.1f
T, (V.0) = o PPl . (G3)
- Vv : [,0 r;:)]f
v\ f
- [Vv : (pTh) ]/pC
= [V (T 10 + (S
The Jacobian of the i-th implicit Runge-Kutta stage is given by
I 9 mi
Wi(Y) =1I-d.6t—T'(Y,0), (G4)
oY
which we compute using a series of approximations that accelerate the solution of linear systems involving the
Jacobian.
To approximate the advective flux contribution to the Jacobian, we assume that perturbations of grid-mean
advection due to velocity components are much larger than those due to scalars (which is the case, e.g., when
mean vertical velocities are negligible):
v, - (pyu") v, - (pyu’)
T S(uy) > — L 5y, G5
a(uh)c (uh) a(py/)c (/)l//) ( a)
avv ) (pwuv)f f aVv ) (pl//uv)r c
————8,) > ———(py)". (G5b)
o, ' a(py)*
We assume the converse for the sedimentation fluxes, whose dependence on grid-mean velocities we neglect:
oV, (””’WW’}V)fa(p s Vo (”"’WW’A‘V)fa( ) (G6a)
apyy Y owy :
~v\f Av\f
ov, - (/)Wwwkv) c ov, - (/)W k ) f
—————%9F >V 7 5, G6b
oy Sy o) (G6b)
We also assume that perturbations due to density-weighted scalars are much larger than those due to density itself
(i.e., scalar perturbations satisfy 6(py) >y 8p, and advective velocities do not strongly depend on density),
oV, - (pyu)' o 9V, - (pyu")
———=6 > ————=5p°, G7
Gy r (py) o p (G7a)
Av\f Av\f
av, - (py/wv,k ) av, - (py/w k )
—— 0 > TV 250 G7b
2y (ow) o P (G7b)
and, since ¢, <1, we neglect the effect of falling/sedimenting condensate on density relative to grid-mean
advection,
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L (puY ov,- (oW, B .
O ag#)"e)a(pq,) , (G8a)

(puY ov,- (oW, B .
%(mf > ag#)qé)&(pq,) . (G8b)

In addition, we assume that grid-mean velocities have a much larger effect on the grid-mean advection of enthalpy

than on its sedimentation,

OV, - (phott’) _ 09, (oW, k)’
o(u,)” o(u,)” ’

(G9a)

R Avif
OV, - (Pho’) 0V, (pWik')

o, ow,) (@0

and, since ||u,|| < ||u,]|, that the effects of vertical velocity on enthalpy and pressure are negligible compared to
the effects of horizontal velocity:

(o)’ (o)’
—8(uy)S > —28(u, (G10a)
()( h)c ( h) a( V) ( )
8(uy) > 5(u) (G10b)
a( )° 0( v)
This leads to the derivative approximation
K12 ddv(Y 1~
ov, - (pu*) ov, - (pu*)f
0 0 0 v (pI:) v (plft)
o(uy) o(u,)
Avyf A\ f
o Ve (eWik) oV, -(pWik) oYy (phau)' 0V, (phio’)!
d(per)” a(pq) o(u,)* f
(peior) (pq) (up) o(u,) G11)
NN
oV, - (pqwsk’) 0V, (pqu*)’ Y, (pqu")
0 0 - c c T
a(pq) o(uy) o(u,)
0 0 0 0 0
ov.p) /Pt o(V,p)/pt o(V,p°)/p" o(V,p°)/p" 0
op* d(pero)” a(pq) o(uy)*

where g stands for the scalars g;, g;,, and y. We neglect the derivatives of A, and p with respect to g, as they are

much smaller than the derivatives with respect to ¢;, and the derivatives with respect to any passive tracer y are
always 0 as well.

To approximate the diffusive contribution, we assume that diffusive fluxes of scalars vary primarily because of
changes in the scalars themselves (ignoring, e.g., the dependencies of diffusivities on the scalars),

E// ~ Ay, (G12)

and likewise for sources and diffusive fluxes of velocity components,
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Su,v ~U,, (G13a)
T, ~ Auy, (G13b)
T ~ Au,. (G13¢)

We also assume that perturbations of scalar diffusion due to density are negligible,

vy f vy f
ov, - (/)Fy/) ov, - (/)Fu/) (Spc,

c—o(py)° > (G14)
pw) 9p*
and likewise for perturbations of velocity diffusion,
[ T ] c [ f C
oV, -(oT}) |/p . o|\V,-(pT}) |/p S ol
L Jd C >> L C’
a(uh)c (uh) ()pc P ( a)
0 VV~(/JT§)f /p° . 0 VV-(pTx)f /p° .
S > — =—5p°, G15b
Sy ) G (G15b)
so that the diffusive derivative is given by
0
a—yTgif(Y, N~
0 0 0 0 0
oV, (pF ) oV, -(pF ) v, (R ) 0
d(peio)’ a(pq) o(up)”
nf
v, - (pF)) (G16)
0 0 —_— 0 0
o(pq)
v f ¢
6[% (pT7) ]/p
0 0 0 - 0
o(uy)
V.- (pT) /P _ a(Su)'
0 0 0 0 7 - -
o(u,) o(u,)
With these approximations, W; can be split into four blocks that have the sparsity structure
[1 « «| [T B]
* T T T B
wit wi?
W, =( ’21 ’22) ~|]%x %= T T B/ (G17)
W W - -k -
[ * x] [T x]
| Bf |B T]
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where B denotes a bidiagonal matrix and T denotes a tridiagonal matrix. The diagonal blocks W}l and Wl-22 have a
damping effect on Y, while the off-diagonal blocks W}z and Wi21 introduce an oscillatory coupling between
scalars and velocity, representing the effects of vertically propagating sound and gravity waves.

To avoid computing the dense inverse (W;)™" in each iteration of Newton's method, we evaluate the action

(W,)"'R; using a Schur complement solver. With the full matrix equation expressed in block form as
wit wir(sul) (R!
1 1 1 — 1 A (G l 8)
wi w2\su?) \R?

we first solve the simplified equation
(W/W!)sU? = R, (G19)
where the Schur complement of W}l in W, is
WyWw! = w2 - w2 (W) w2, (G20)
and the right-hand side is
& =w2 (W'Y 'R - R (G21)
After solving for 6U?, we compute sU! as
su! = (WY (R! — WsU?). (G22)

When only sound and gravity waves are treated implicitly, Wi11 simplifies to the identity matrix, and its Schur
. . . -1 .
complement has a block lower-triangular sparsity structure. This means that (Wl1 1) v = v for any vector v, while

(W,~/ Wl.”)fl v can be computed using an efficient block triangular matrix solver (with each block along the di-
agonal inverted using a tridiagonal matrix solver). To achieve comparable computational efficiency when treating
diffusion, damping, and/or sedimentation implicitly, in which case the Schur complement is not guaranteed to be
block lower-triangular, we use a stationary iterative solver that approximates the Schur complement as

WyW!' & S, = W2 — W [diag(W!")] "' W2, (G23)

where diag(W}') is the Jacobi preconditioner of W;'. Starting with the initial perturbation (5Ul.2)(0) =0, the
iterative solver updates

(602)" = (502) " + (8! [ie,.z - (W,./W,U)((SUI?)""”]. (G24)

. . . . . -1 - .
Since Wi11 is block upper-triangular and S; is block lower-triangular, we can compute (Wi“) v and (S;)"'v using
efficient block matrix solvers. Two iterations of the stationary iterative solver are typically sufficient when nested
within iterations of Newton's method in the ARS343 timestepping scheme.
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